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Abstract: Among the possible CP-odd couplings of the axion to ordinary matter,
the most relevant ones for phenomenology are the Yukawa couplings to nucleons.
We analyze such non-derivative couplings within three complementary approaches:
standard effective field theory, the Skyrme model and holographic QCD. In all the
cases, the couplings can be related to the CP-odd non-derivative couplings to nu-
cleons of the low-lying mesons and the η′. Using the effective field theory approach
we derive the expressions for the CP-odd interaction terms as functions of the pa-
rameters of the effective Lagrangian. Then, we compute the CP-odd couplings to
nucleons of the axion, the η′ and the pseudo-Goldstone mesons in both the Skyrme
and the holographic QCD model with Nf = 2, 3 flavors. We relate the coefficients
of the non-derivative axion-nucleon couplings to those of the derivative ones. The
relations do not explicitly depend on model parameters. This allows us to provide
quantitative estimates of these couplings.
Keywords: Axions, axion-nucleon coupling, eta’, chiral Lagrangian, Skyrme
model, holographic baryons.
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1. Introduction and results
The Peccei-Quinn proposal [1] for a natural solution of the strong CP problem - the
unnaturally small value of the QCD θ angle - implies the existence of a new light
neutral pseudoscalar boson, the axion [2, 3]. The original theory, severely constrained
by data, was not renormalizable because of the axion coupling to the QCD instanton
density [4, 5]. In renormalizable axion models, successively proposed in [6, 7, 8],
the axions were also made very weakly interacting with ordinary matter, as required
by experimental constraints. These “invisible axions”, whose couplings to matter
have been deduced using anomalies and the chiral Lagrangian [9]-[14], are nowadays
considered among the most promising candidates as dark matter constituents, and
also as possible realizations of the inflaton [15]-[20].
As of today, axion-like particles (ALPs) are ubiquitous and serve various pur-
poses. The nomenclature has also evolved but still remains sometimes murky. Axions
that solve the strong CP problem are typically called QCD axions. The term “axion-
like particle” is often used to refer (only) to other types of axions.
Generically, axions display a perturbative shift symmetry and couple to instanton
densities. In any reliable quantum field theory (QFT) realization, the symmetry is
broken (at best) to a discrete symmetry due to non-perturbative effects. Such effects,
related to instantons in weakly-coupled models, induce a mass and, more generally,
a potential term, for the QCD axion (see e.g. [13]).
ALPs arise very commonly in string theory [21], the simplest example being the
Ramond-Ramond (RR) axion of type IIB string theory. They can also arise, after
compactification, from internal components of antisymmetric form gauge fields as
well as from off-diagonal components of the metric. In these cases, ALPs are related
to generalized gauge fields [22, 23]. The corresponding gauge symmetries provide the
perturbative Peccei-Quinn (PQ) symmetries in string theory [24].
Continuous shift symmetries in string theory can be broken by non-perturbative
effects. The argument is general:1 RR axions couple to the world volume of D-branes
[25]. The same D-branes, wrapped around some appropriate Euclidean cycle, provide
instanton effects in string theory [26]-[29]. The nature of these effects depends on
the amount of supersymmetry. In the case of maximal supersymmetry they do
not generate a potential, but affect higher derivative terms like the R4 corrections,
1In fact it also applies to NS-NS axions that couple to world-sheet or NS5-brane instantons.
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[30, 31]. In any case, the end result is that the original shift symmetry is broken to
a discrete subgroup.2
In the above descriptions (and in other QFT constructions), ALPs are funda-
mental fields in the theory. However this is not the only possibility. ALPs can also
be composite or emergent.
In its most common realizations [34]-[40], [15], the composite axion is identified
with a neutral pseudo-Goldstone boson of an extra, strongly coupled, confining gauge
theory, whose dynamical scale Λa determines the axion coupling fa. In these models
the axion can be rendered “invisible” only if Λa  ΛQCD, [15]. As a common
feature, the Peccei-Quinn symmetry in these models acts on some extra fermion
fields. Moreover, as a difference with fundamental axions, in simple composite axion
models there is no direct coupling between the axion and the lepton sector.
In a more general setup, recently considered in [41] and motivated in [42], ALPs
emerge as composites of a hidden sector with a large number of colors (Nc  1),
which couples to the Standard Model (SM) via interactions that are irrelevant in
the IR. This fact ensures that one can have an invisible emergent axion even if the
strong coupling scale Λh of the hidden gauge theory is much smaller than ΛQCD.
These emergent/composite axions do not rely necessarily on fermionic Peccei-Quinn
like symmetries, but rather on the approximate Peccei-Quinn symmetry associated
to instanton densities in gauge theories.
The holographic correspondence [43] provides a paradigm for such a type of
composite/emergent axions. In the holographic context, in fact, composite operators
in a QFT are mapped into fundamental fields in the dual string/gravity theory.
Hence, standard string theory axions can be related to composite operators in QFT.
This is the case for the QCD topological θ term [44]-[51].
The holographic QCD axion model recently proposed in [52] provides a further
different way of realizing a composite axion. In the model there is no hidden gauge
theory sector, hence no extra dynamical scale. The Peccei-Quinn symmetry acts on
an extra massless quark flavor with a (non-local) Nambu-Jona-Lasinio (NJL) quartic
interaction. The latter has a suitable higher dimensional UV completion in the
holographic model and it induces the condensation of the extra quark at a scale Ma,
of the order of fa, set by the NJL coupling. If Ma is taken to be much higher than
the QCD chiral symmetry breaking scale, the extra quarks and the related massive
hadrons essentially decouple from the Standard Model. The only exception is the
pseudo-Goldstone boson of the extra chiral symmetry breaking. This is identified
with the composite QCD axion. Its interactions with the low energy QCD modes
are precisely described by the axion-dressed chiral Lagrangian [14].
The couplings of the QCD axion and other ALPs to ordinary matter are crucial
in axion searches. They typically receive contributions both from the UV realization
2There can be subtleties that arise when axionic symmetries are coupled to anomalous U(1)’s
[32, 33], but the final result is analogous.
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of the ALP theory and from the QCD chiral Lagrangian and the structure of the
axial anomaly [10, 9, 11, 13]. These are combined with some input from QCD matrix
elements that can be extracted from experiments or, more recently, from lattice data
[53]. State of the art derivative axion couplings to nucleons are obtained in this way.
There exist also non-derivative couplings to nucleons that so far have not received
much attention (see however [54]). There are two reasons for this. The first is that
such couplings, when they arise from the CP-preserving effective Lagrangian for the
nucleons, are effectively derivative couplings. This is the case when the nucleons
are near the mass-shell, as it happens at low enough energies. If the couplings arise
in the CP-violating sector of the effective Lagrangian, then they are suppressed by
the small CP violation due to a residual θ angle and/or to SM effects.3 The second
reason is that such non-derivative couplings to nucleons depend on non-trivial and
non-perturbative QCD physics, and chiral symmetry considerations (and the chiral
Lagrangian) are not helpful enough to pin them down.
In this paper we will undertake an analysis of such couplings. There are two main
motivations behind our analysis. The first is that ALPs are generically speaking light
particles and the range of allowed masses towards the lower end has expanded sub-
stantially in recent years, especially as candidates for dark matter, [17, 18, 20, 59]. In
such cases, non-derivative couplings, even if small, can become important in coherent
collections of ALPs. The second is that we now have a new theoretical tool to address
non-perturbative nucleon physics and this is the holographic correspondence.
In the holographic approach, QCD is modeled by a large Nc strongly coupled
gauge theory, which can be studied by means of a dual weakly coupled string model
on a classical gravity background. The top-down holographic model which better re-
produces the main features of low energy QCD is due to Witten, Sakai and Sugimoto
(WSS) [60, 61]. Nucleons in this theory have been first studied in [62, 63, 64]. They
are realized in a way which resembles the traditional Skyrme picture [65], where
nucleons arise, at large Nc, as solitons of the chiral Lagrangian [66]. In the WSS
model they are instanton solutions of a five dimensional U(Nf ) gauge theory (Nf
being the number of flavors) on a certain curved background. After reduction to
four dimensions this theory encodes not only the chiral Lagrangian (including the
Skyrme term) for the QCD-like pseudo-Goldstone bosons and the η′, but also the
effective Lagrangian for the massive axial (vector) mesons. Moreover, couplings and
masses for the mesons are determined by the few parameters of the model. The
holographic QCD axion in [52] is embedded in the WSS model.
In this paper we embark in an effort to determine the non-derivative couplings
of the axion to nucleons under three complementary perspectives: standard effective
field theory, Skyrme model and holographic WSS model. In all these approaches, the
3The CP-violation due the θ-term is constrained to be tiny by the neutron electric dipole moment
measurements. The CP-violation appearing in the CKM matrix trickles also down to the hadronic
sector at high loop order, [55, 56, 57]. Similar remarks apply to the leptonic CKM matrix, [58].
– 4 –
couplings arise from those of the η′ and the pions to the nucleons, after considering
the mixing between the axion and these mesons. One loop corrections in the effective
theory of nucleons and mesons can contribute too. The mixing arises diagonalizing
the mass matrix in the low energy effective action. In our analysis of the Skyrme
and holographic model, the large Nc limit is taken by construction.
Our main results are therefore those for the CP-odd non-derivative couplings of
the pseudoscalar mesons and the axion to the nucleons. They can be summarized as
follows.
• Using chiral perturbation theory, we derive the expressions for the CP-odd
interaction terms, at any number of colors Nc and flavors Nf , between η
′ or the
axion and nucleons (transforming under generic spin-half representations of the
gauge group) in terms of the parameters of the effective Lagrangian. The main
results are the Lagrangian terms in equations (3.22)–(3.23) (for contributions
from generic CP-violating terms arising from non-QCD sectors) and in (3.28)–
(3.29) (for contributions arising through a “residual” θ-angle, possible even in
the presence of the axion4).
• We estimate, in turn, the one-loop contributions to the non-derivative couplings
in effective field theory using previous results, [67] and extending them to
general Nc, Nf .
• We compute the CP-odd couplings (due to the effective θ angle and other
sources of CP-violation in the QCD sector) of the axion, the η′ meson and pi-
ons to nucleons in the Skyrme model. The main results for Nf = 2 are given in
equations (4.32), (4.34) and (4.39), and for Nf = 3 in equations (4.47), (4.50)
and (4.51). To the best of our knowledge, these couplings have not been com-
puted in the literature so far.
• We compute in turn novel results for the same couplings in the WSS model.
The results for Nf = 2 are given in equations (5.35), (5.37), and (5.46). The
generalization to Nf = 3 is analogous to the computation in the Skyrme model.
The final estimate for the non-derivative couplings of the axion to the nucleons
is the following (see section 6). As a first step, we rewrite the non-derivative axion-
nucleon couplings in both the Skyrme and the WSS model in terms of the derivative
ones. The advantage is that in this case the related expressions do not explicitly
depend on the model parameters. Performing an average of the results found in the
two models, our best estimate for the non-derivative couplings of the axion with the
proton and the neutron is, respectively,
c¯p = 24(6) MeV × θ
fa
and c¯n = 23(5) MeV × θ
fa
, (1.1)
4There are many possible contributions to θ in our formulae, and include uncanceled contribu-
tions from the strong sector or induced by the CKM CP violation.
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having in mind an effective Lagrangian term of the form δL = c¯NaN¯N , where N is
the nucleon doublet and a is the axion. One loop corrections in the effective theory
contribute to these numbers. Such corrections are discussed in this paper in section
3.3. They are small compared to the numbers in (1.1) for Nf = 2, Nc = 3. However,
if the chiral limit is taken before the large Nc limit, they scale as O(N3/2c ) while the
numbers in (1.1) scale as O(N1/2c ).
The paper is organized as follows. In section 2 we review the construction of the
QCD chiral Lagrangian, containing the η′ meson and the pions, coupled with the
axion. In particular we write down the field redefinitions suitable for diagonalizing
the related mass matrix. In section 3 we discuss the effective theory describing the
coupling of mesons and axions to nucleons and deduce the general structure of the
non-derivative axion-nucleon couplings. One loop corrections are discussed here too.
In section 4 we compute the CP-odd couplings in the Skyrme model with Nf = 2
and Nf = 3 QCD flavors. In section 5, after a short review of the description of
nucleons in the holographic setup, we perform analogous computations in the WSS
model with Nf = 2 and Nf = 3 QCD flavors. A summary and an analysis of the
results obtained in sections 4 and 5 is given in section 6. Review material and further
technical details are provided in the appendices.
Note: to be consistent with the standard literature on the different models em-
ployed in this paper, we adopt different conventions for the metric signature (mostly
plus in sections 2, 3, mostly minus in sections 4, 5) and the trace of product of U(Nf )
generators, Tr[T aT b] = tδab (t = 2 but for section 5, where t = 1/2).
2. The effective Lagrangian couplings of the axion to the η′
The general structure of axion models and their UV completions are summarized in
appendix A. Here, we examine the effective Lagrangian (containing the pions and
the η′ meson) for QCD coupled to the axion. Our aim is to write the effective theory
for generic axion couplings rather than choosing a specific “frame”, which allows us
to check that the final results, in term of physical states, are frame independent.
This will be useful in particular when considering the couplings of the η′ and the
axion to the nucleons as we will do in Sec. 3.
The QCD Lagrangian with generic renormalizable axion couplings5 is given by6
Sa+QCD =
∫
d4x
(1
2
∂µa∂
µa− a
fa
csαs
8pi
Tr[G ∧G] + 1
fa
∂µaJ
µ
q5 −
1
2
Tr[G2]
+ iq¯γµDµq − q¯RM(a)qL − q¯LM(a)†qR
)
. (2.1)
5There may also be non-renormalizable axion couplings if the theory that generates the axion is
an effective theory. This is the case in the context of composite or emergent axions, [41] but may
also be relevant for the case of fundamental axion fields that appear at intermediate scales.
6We denote σ = a/fa in (A.14) so that the axion a has a canonically normalized kinetic term.
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Here qL/R = (1±γ5)q/2 are the quark fields, we suppressed flavor indices, used mostly
minus convention for the Minkowski metric, and also included the axion dependence
in the mass terms M(a) as well as the axion kinetic term. The θ-angle can be
absorbed in the constant term of a so we set it to zero – effects due to finite θ will
be considered later on. We also included the current term ∝ ∂µaJµq5 here, but as we
argue in Appendix B, it does not affect those mixing terms between the axion and
mesons which we are interested in. Therefore we will set the current to zero in the
following.
We shall then derive the low energy effective action for pions and the η′ mesons
which contains the axion couplings determined by (2.1). Axion couplings in effective
theories for QCD have been considered in earlier works [68, 11], see for example the
fairly recent detailed analysis [13]. In our analysis, it is essential to also include the
effect of the η′ meson for two main reasons. First, we are interested in the couplings
of the axion both at small and large Nc, and the axial anomaly of QCD is suppressed
at large Nc so that the η
′ meson is as light as the pions. Second, as we shall see, the
mixing between the η′ and the axion is particularly important for the non-derivative
couplings of the axion to the nucleons which we will analyze below. Earlier work
considering the effect of the η′ in the axion-meson mixing include [12, 69]. Since we
are mostly interested in the mixing of the axion with the mesons, we will concentrate
on the terms giving rise to quadratic terms in the action.
The first interaction term in (2.1) couples, in the effective theory, the axion to
the pseudoscalar glueball field [68, 70]. The glueball can be integrated out, giving
rise to the “standard” effective Lagrangian with the θ-angle replaced by the axion
field. The meson fields are included in
U = exp
[
i
√
2η′√
Nffη′
+
ipiaT a
fpi
]
= exp
[
i
√
2η′√
Nffη′
+
iΠ
fpi
]
, (2.2)
where Π = piaT a. The matrix U transforms as
U → LUR† under qL → L qL , qR → RqR , (2.3)
where L,R are U(Nf ) matrices. We normalize the group generators as
Tr[T aT b] = 2δab . (2.4)
Notice that η′ is not a mass eigenstate but will mix with the other fields, as we will
discuss below.
With these conventions, the effective Lagrangian that is the low-energy theory
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of (2.1) (with the axion derivative/current term omitted) can be written as,7
Lchiral = 1
2
∂µa∂
µa+
f 2pi
4
(
Tr[∂µU∂
µU †] + Tr[Mpi(a)U † +Mpi(a)†U ]
)
− χYM
2
(
cs a
fa
− i log detU
)2
+
cη′
Nf
Tr[U †∂µU ]Tr[U∂µU †] , (2.5)
where Mpi is the pion mass matrix, and χYM is the Yang-Mills topological suscepti-
bility.
We allowed the η′ to have a different decay constant than the pion [71] by in-
cluding the last term in (2.5). Requiring the standard kinetic term normalization
fixes
cη′ =
f 2η′ − f 2pi
4
. (2.6)
There is one more term giving rise to quadratic meson interactions which is sup-
pressed by both the flavor masses mq and 1/Nc [72, 73]. It is given by
icaη′
Nf
(
cs a
fa
− i log detU
)
Tr[Mpi(a)
†U −Mpi(a)U †] . (2.7)
We consider its effect on the axion mixing in Appendix B, and show that the effects
can be absorbed into redefinitions of other parameters up to quadratic terms in caη′ .
The meson mass matrix is proportional to the quark mass matrix, Mpi(a) =
B0M(a) up to higher order chiral corrections. Comparing the derivatives of the
QCD Lagrangian and the effective Lagrangian with respect to Mij at a = 0 we
obtain
〈q¯iRqjL〉
∣∣
a=0
= −f
2
piB0
4
δij . (2.8)
We assume that it is possible to write the mass matrix in the form
M(a) = eiaQ˜/faM0e
iaQ˜/fa , (2.9)
(possibly after vectorial axion-valued transformations) where8 M0 is Hermitean and
independent of a. It is then straightforward to solve explicitly for the mixing between
the mesons and the axion. Effects due to an anti-Hermitean component in the mass
matrix are discussed in Appendix B. We define the topological susceptibility of full
QCD, χ, and the “gauge invariant” coupling of the axion, c˜s, as
1
χ
=
1
χYM
+ 2
Tr
[
M−10
]
B0f 2pi
, c˜s = cs + 2TrQ˜ . (2.10)
7As usual this is based on symmetries only.
8We do not need an explicit formula for this matrix, but a convenient choice would be M0 =
diag(m1,m2, . . . ,mNf ).
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In order to diagonalize the Lagrangian, we first carry out the following field redefi-
nitions (see also [12]):9
ηˆ′ = η′ −
√
2fη′√
Nf
Tr[Q˜]
a
fa
+
√
2c˜s χ fη′ Tr
[
M−10
]
f 2pi B0
√
Nf
a
fa
, (2.11)
pˆib = pib − fpiTr[Q˜T b] a
fa
+
c˜s χTr
[
M−10 T
b
]
fpiB0
a
fa
, (2.12)
ap = a+
fpi
fa
Tr
[
Q˜Π
]
+
√
2fη′
fa
√
Nf
Tr
[
Q˜
]
η′
− c˜s χ
f 2pifaB0
(
fpiTr
[
M−10 Π
]
+
√
2fη′√
Nf
Tr
[
M−10
]
η′
)
, (2.13)
which remove the mixing of the pions and η′ with the axion up to terms suppressed
by higher powers of 1/fa. More precisely, the mixing terms in Eqs. (2.11) and (2.12)
are determined by the non-diagonal elements of the mass matrix in (2.5). Notice
that the terms involving Q˜ are (up to nonlinear terms in the pions) equivalent to a
chiral rotation which removes the a dependence of M(a). Then the other terms are
sourced by the gauge invariant coupling c˜s. After applying (2.11) and (2.12), the
transformation (2.13) removes the non-diagonal kinetic terms.
Inserting these relations in the Lagrangian (2.5), the quadratic terms (with terms
suppressed by 1/fa dropped) are included in
Lˆchiral = 1
2
∂µap∂
µap − 1
2
m2aa
2
p +
f 2pi
4
Tr[∂µUˆ∂
µUˆ †] + cη′Tr[Uˆ †∂µUˆ ]Tr[Uˆ∂µUˆ †]
− NfχYM
f 2η′
ηˆ′2 +
f 2piB0
4
Tr[M0Uˆ
† +M †0 Uˆ ] , (2.14)
where
Uˆ = exp
[
i
√
2ηˆ′/
√
Nf/fη′ + ipˆi
aT a/fpi
]
, (2.15)
and the axion mass squared is given by
m2a = χ
c˜2s
f 2a
. (2.16)
The fields ηˆ′ and pˆib are however not mass eigenstates (for a generic quark mass
matrix) because they are subject to the “usual” mixing of neutral states imposed by
the quark masses. The final physical states η′p and pip are found by diagonalizing the
mass matrix arising from (2.14) which in general needs to be done numerically.
For Nf = 3, the diagonalization boils down to the “standard” analysis in the
literature (see, e.g. [74, 68]). The η′ meson, the η meson, the pions and the kaons
9The p stands for “physical”.
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form a nonet of the vectorial U(3), which is broken to various subgroups both by
1/Nc effects and by finite quark masses. Taking the light quark masses to be the
same, mu = md ≡ mud, only the η and η′ mesons mix. The relevant mass matrix is
given as
Lmass = −1
2
(
pˆi8 ηˆ′
) mud+2ms3 B0 √2fpi(mud−ms)3fη′ B0√
2fpi(mud−ms)
3fη′
B0
f2pi(2mud+ms)B0+18χYM
3f2
η′
( pˆi8
ηˆ′
)
. (2.17)
We adopt a convention where the physical states are given by
ηˆ′ = η′p cos θηη′ − ηp sin θηη′ ,
pˆi8 = ηp cos θηη′ + η
′
p sin θηη′ . (2.18)
In general, all mixing is induced by the breaking of vectorial SU(Nf ) due to
the quark mass matrix, and vanishes if all quark masses are equal, so that we have
simply
η′p = ηˆ
′ and pibp = pˆi
b . (2.19)
In this case, the pion masses obey
m2pi ≈ B0mq . (2.20)
Moreover, the mixing between the η′ and the pions is suppressed in the limit of small
quark masses (even if the masses are not equal).
CP-odd couplings and a finite θ-angle (which may be induced by linear couplings
of the axion to other sectors not considered here) introduce small VEVs for the
mesons. Such VEVs will be important (apart from the mixing between the axion
and the mesons) when considering their couplings to the nucleons in Sec. 3. We
discuss these VEVs in Appendix B.1. We also include results for the CP-violating
vertices of three pseudoscalar mesons in Appendix B.2.
Finally, the scaling of the QCD parameters at large Nc and/or Nf for our con-
ventions is the following. The decay constants scale as
f 2pi ∼ f 2η′ ∼ Nc , (2.21)
while the term ∝ cη, which induces the splitting of the pion and η′ decay constants,
is suppressed by a power of 1/NcNf since it is the coefficient of a double trace term.
We normalized this coefficient such that it scales as
cη′ ∼ O (1) . (2.22)
In this case, the difference of the decay constants also obeys
f 2pi − f 2η′ = O (1) . (2.23)
We also note that
χYM ∼ O (1) , B0 ∼ O (1) , Q˜ ∼ O (1/Nf ) . (2.24)
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3. The effective couplings of η′ and the axion to nucleons
In this section we proceed further and discuss the effective field theory that couples
the mesons and the axion to the nucleons. In particular we analyze the CP-violating
non-derivative couplings of the η′ and the axion to the nucleons.10
3.1 Generic Nf and Nc
We shall discuss here the effective theory for the nucleons and their couplings to the
pions, η′ and the axion for generic values of Nc and Nf . Specific results for Nf = 2
and for Nf = 3 will be given in Sec. 3.2. As remarked in the previous section, we
also work in a generic frame for the axion couplings, which will help us to check that
the results behave correctly under chiral transformations.
In the limit of large Nc, the nucleon states are arranged according to the spin-
flavor symmetry SU(2Nf ), with the ground state being the fully symmetric Nc-
index representation, and these representations break into towers of states classified
according to their spin and flavor representations separately [75, 76, 77, 78]. Here we
shall work at any odd value of Nc, and for simplicity only consider spin 1/2 baryons
but in arbitrary representations of the flavor group.
In order to describe the couplings of the baryons to the mesons and the axion,
the standard method, [79], is to first define a new matrix through u2 = U . Because
the square root of a matrix is ambiguous, this is not enough to make the definition
precise; we can take
u = exp
[
i
η′√
2Nf fη′
+ i
piaT a
2fpi
]
. (3.1)
This matrix transforms as
u→ LuK† = KuR† (3.2)
under the chiral transformations (see, e.g., [80]). Here K is a unitary matrix depend-
ing on the pion fields and defined11 through the equation in (3.2). The baryons belong
to the Nc-index representations of (the vectorial) SU(Nf ) and transform according
to [81]
Bi1···iNc =
∑
{jk}
Ki1j1 · · ·KiNcjNcBj1···jNc . (3.3)
The baryon bilinears may therefore couple to meson operators X transforming as
X → KXK†. Such operators include
Dµ ≡ ∂µ + Γµ ≡ ∂µ + 1
2
[
u† (∂µu) + u
(
∂µu
†)] , uµ ≡ 1
2
i
[
u† (∂µu)− u
(
∂µu
†)] ,
χ± ≡ uM †u± u†Mu† , (3.4)
10The lowest dimension CP-preserving couplings for on-shell nucleons reduce to derivative cou-
plings.
11For a precise definition and discussion, see, e.g., [79, 80].
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where M = M(a) is the quark mass matrix and u was defined in (3.1).
We first discuss the couplings between the nucleons and pseudoscalar mesons at
zero θ-angle and axion. The derivative couplings of the pions and the η′ arise from
the terms
gˆa
Nf
Tr [uµ ] Tr
[
B¯γµγ5B
]
+
∑
k∼contractions
Nc g
(k)
a Tr
[
B¯γµγ5 (uµ)B
]
, (3.5)
where k ∼ contractions stands for all possible (invariant) contractions of the flavor
indices of the two nucleons and the meson matrix. We have also scaled out the leading
expected behavior of the coupling constants on Nc and Nf so that the expectation is
gˆa = O (1) and g(k)a = O (1) . (3.6)
Notice however that we may still have subleading dependence involving terms ∼ 1/Nc
and ∼ 1/Nf . We will follow similar conventions for other couplings below, unless
stated otherwise.
In the second term of (3.5) we include a sum over various contractions (with
couplings g
(1)
a , g
(2)
a ,. . . ) of the flavor indices of the baryons and uµ before taking
the trace, which are consistent with chiral symmetry. Not all of the possible terms
are independent, but their relations are nontrivial for baryons transforming under
generic representations of the chiral symmetry. The nontrivial piece amounts to
combining the baryon, the part of the meson term transforming under the adjoint
representation, and the anti-baryon in the conjugate representation into a singlet.
We will write down these terms explicitly below in Sec. 3.2 for Nf = 2 and for
Nf = 3.
The precise knowledge of the structure of these terms is not needed for most of
our results. In the limit of large Nc it has been solved in [78]. Moreover, for the
coupling of the flavor singlet η′ meson, these terms reduce to the standard trace, i.e.,
they have the same form as the first term, but are leading by a factor of Nc. The
suppression of the double trace term is consistent with the expected enhancement
of the chiral symmetry12 to U(Nf )L × U(Nf )R in the limit of large Nc. In other
words, (3.5) may be replaced by
gaNc
Nf
Tr [uµ ] Tr
[
B¯γµγ5B
]
+
∑
k∼contractions
Nc g
(k)
a Tr
[
B¯γµγ5
(
uµ − 1
Nf
Truµ
)
B
]
,
(3.7)
where we projected to the adjoint representation in the second term by rearranging
the singlet contribution. Therefore
Nc ga = gˆa +
∑
k∼contractions
Nc g
(k)
a (3.8)
12In the Nc →∞ limit with Nf finite the U(1)A anomaly vanishes.
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and according to (3.6)
ga ∼ O(Nc) . (3.9)
In this article, however, we are interested in the non-derivative couplings to the
nucleons. First, we will consider non-derivative couplings arising from CP violation
from external sources, i.e., other sources than the θ-angle such as the CKM matrix
or sources beyond the standard model. Then, we discuss couplings arising due to a
finite value of the θ-angle.
3.1.1 Non-derivative couplings from external CP-violation
A class of non-derivative couplings arises from the mass terms involving χ± (that
were defined in (3.4)):
cm1Nc
Nf
Tr [χ+ ] Tr
[
B¯B
]
+
∑
contractions
Nc c
(k)
m1 Tr
[
B¯
(
χ+ − 1
Nf
Trχ+
)
B
]
(3.10)
+
ic¯m1Nc
Nf
Tr [χ+ ] Tr
[
B¯γ5B
]
+
∑
contractions
iNc c¯
(k)
m1 Tr
[
B¯γ5
(
χ+ − 1
Nf
Trχ+
)
B
]
(3.11)
+
cm2Nc
Nf
Tr [χ− ] Tr
[
B¯γ5B
]
+
∑
contractions
Nc c
(k)
m2 Tr
[
B¯γ5
(
χ− − 1
Nf
Trχ−
)
B
]
(3.12)
+
ic¯m2Nc
Nf
Tr [χ− ] Tr
[
B¯B
]
+
∑
contractions
iNc c¯
(k)
m2 Tr
[
B¯
(
χ− − 1
Nf
Trχ−
)
B
]
.
(3.13)
Several comments are in order. The coefficients with a bar are CP violating and
in the absence of the θ-angle should arise from non-QCD CP-violating sources such
as the CKM matrix in the quark or lepton sector. We only consider here CP-odd
couplings which are singlets under the chiral transformations. In Appendix B.1 we
discuss of CP-odd contributions arising through the quark mass matrix.
The first terms (3.10) give rise to corrections to the nucleon masses, and they
are ∼ O(Nc), in agreement with the scaling of the nucleon mass. Notice that we
separated again a piece from the flavor singlet contributions in order to write the more
complicated non-singlet terms in terms of the combinations χ± − Trχ±/Nf which
vanishes (up to higher order interaction terms in the pions) for flavor independent
quark masses.
The terms containing an extra γ5 are suppressed by a power of 1/Nc. Considering
the singlet term as an example, this can be seen from the identity
iTr
[
B¯γ5B
]
=
1
2mB
∂µTr
[
B¯γµγ5B
] ∼ 1
Nc
∂µTr
[
B¯γµγ5B
]
, (3.14)
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where the first equality is exact when the nucleons are on-shell and we used the fact
that the baryon mass mB ∼ Nc (see also Appendix C).
From (3.14) we also observe that the terms involving γ5 are, moreover, derivative
terms in disguise and they are suppressed in the non-relativistic limit. This is not
entirely true for the single trace “contraction” terms in (3.11) and in (3.12), because
of the flavor structure: the single trace terms of (3.10) give rise to flavor dependence of
the nucleon mass which leads to a non-derivative contribution from (3.11) and (3.12).
These contributions are of the second order in the differences χ± − Trχ±/Nf . The
single trace term in (3.12) will not, however, contribute to the linear axion couplings
because the axion dependence also cancels at linear order due to the subtraction of
the singlet piece after substituting (2.11) and (2.12) as we shall show below. This
holds true also for the mixing effects between the pions (arising from expanding the
χ−) and the axion. Therefore we shall not discuss these terms further.
Another interesting class of terms are the flavor singlet terms which couple the
η′ ∝ log detU to the nucleon singlets. Possible terms are
d1 log detU Tr
[
B¯γ5B
]
+ d¯1 i log detU Tr
[
B¯B
]
+
d2
Nc
(i log detU)2 Tr
[
B¯B
]− d3
Nf
log detU Tr [χ− ] Tr
[
B¯B
]
. (3.15)
The terms on the second line will only be important if an explicit θ-angle is added.
The scaling with Nc was determined as follows: every factor of i det logU brings
a power of 1/Nc with respect to the nucleon mass term and the terms in (3.10)–
(3.13) [72]. For the CP-violating terms we assumed a scaling which is analogous to
the CP conserving terms, as above. Recall that the term d1 is in addition suppressed
by 1/Nc due to the γ5 factor.
We then consider the axion couplings induced by the axion terms in the QCD
Lagrangian (2.1). We first discuss the seemingly most important terms: the first
term in (3.13) and the second term in (3.15), using notation defined in Sec. 2. We
include the axion through the replacement
i log detU 7→ i log detU − csa/fa (3.16)
and
M 7→M(a) = eiaQ˜/faM0eiaQ˜/fa , (3.17)
where M0 is assumed to be Hermitean.
After this, the terms of interest become
ic¯m2
Nc
Nf
Tr [χ−(a) ] Tr
[
B¯B
]
+ d¯1
(
i log detU − csa
fa
)
Tr
[
B¯B
]
, (3.18)
where χ−(a) = uM(a)†u − u†M(a)u†. Inserting here the definition of U , and using
the relations (2.11)–(2.13), we may extract the non-derivative couplings (i.e., the
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terms involving N¯N) of the fields ηˆ′ and ap to the nucleons. First, we find that
i log detU − csa
fa
= −
√
2Nf
fη′
(
ηˆ′ +
c˜sfη′√
2Nf
χ
χYM
ap
fa
+O
(
1
f 2a
))
. (3.19)
Notice that here the topological susceptibility χ vanishes linearly if any of the quark
masses goes to zero. The other possible source for couplings linear in the axion is
χ−(a) =
{
i
√
2η′√
Nffη′
+
iΠ
fpi
− 2iQ˜ a
fa
,M0
}
+ nonlinear (3.20)
=
{
i
√
2ηˆ′√
Nffη′
+
ipˆibT b
fpi
,M0
}
− 4c˜siχ
f 2piB0
ap
fa
+ nonlinear . (3.21)
We remark that the axion dependence is proportional to the identity matrix in flavor
space.13 This verifies the fact that it is indeed absent in the second terms of (3.12)
and (3.13) (which we have already omitted). The terms linear in a and η′ are14 then
Lη′aB = −2c¯m2
(√
2Ncηˆ
′
N
3/2
f fη′
Tr [M0]− 2c˜sNcχ
f 2piB0
ap
fa
)
Tr
[
B¯B
]
(3.22)
− d¯1
(√
2Nf
fη′
ηˆ′ + c˜s
χ
χYM
ap
fa
)
Tr
[
B¯B
]
. (3.23)
Notice that since f 2pi ∼ Nc, both axion terms are of the same order in 1/Nc. The η′
term in (3.23) is suppressed by a factor of Nf/Nc with respect to the term in (3.22)
so it is negligible in the ’t Hooft limit but should be included in the Veneziano limit.
3.1.2 Non-derivative couplings from the θ-angle
In the previous section we considered the CP-odd couplings d¯1 and c¯m2 not due to
QCD effects (i.e., not arising from the θ-angle) and also set the θ-angle to zero. A
nonzero θ-angle can also be included, and can arise from additional UV terms in
the action, which drive the expectation value of the axion away from zero. Naively,
one might consider θ just as an extra contribution to the d¯1 and c¯m2 couplings but
this misses some of the structure, in particular the fact that at zero quark mass the
θ-angle can be gauged away.
13In Appendix B we point out that this proportionality is broken by higher order terms in the
chiral Lagrangian. This breaking is however only present for terms which are quadratic or higher
in the quark masses, which we are neglecting in this article.
14Notice that when the quark masses break the vectorial SU(Nf ), the non-singlet terms in (3.12)
also contribute to the coupling of ηˆ′ (but not to the coupling of the axion). Therefore, for generic
quark masses the result for ηˆ′ here is only an estimate. When all quark masses are equal, it is the
precise result for the physical field η′p = ηˆ
′.
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The standard method is to replace15
i log detU 7→ −θ + i log detU , (3.24)
everywhere in the chiral Lagrangian. In terms of the axion, this means effectively
replacing
csa/fa 7→ θ + csa/fa . (3.25)
Notice that also the meson mixing in (2.11) and in (2.12) will be affected: a finite
θ-angle leads to a small displacement of vacuum expectation values (VEVs) of the
pions and the η′ from zero.16 Other sources of CP-violation than the θ-angle can
also lead to such VEVs. We analyze them in Appendix B.1 and as it turns out, they
do not lead to terms with essentially different structures than those terms which we
derive in this section. In Appendix B we also analyze the effects of non-hermiticity
of the quark mass matrix and show that they can be absorbed in the θ-angle.
In order to extract the contributions involving θ, we therefore need to study
the nucleon couplings which are quadratic in the pion fields, the axion, and η′ (at
vanishing θ). First we notice that
χ+(a) = 2M0
− 1
4
{ √
2ηˆ′√
Nffη′
+
pˆibT b
fpi
− 2c˜sχM
−1
0
f 2piB0
ap
fa
,
{ √
2ηˆ′√
Nffη′
+
pˆibT b
fpi
− 2c˜sχM
−1
0
f 2piB0
ap
fa
,M0
}}
+
ap
2fa
{
M0,
[ √
2ηˆ′√
Nffη′
+
pˆibT b
fpi
− 2 c˜sχ
f 2piB0
M−10
ap
fa
, Q˜
]}
+ · · · (3.26)
where we already inserted the relations (2.11)–(2.13) but did not yet switch on finite
θ. We notice that unlike in the computation above, some of the terms involving the
axion are not proportional to the unit matrix. For example, the term quadratic in the
axion, in the second line is ∝M−10 . Therefore, the coupling to the baryons in generic
representations and in the case of flavor dependent quark masses is nontrivial. The
flavor singlet couplings to ηˆ′ and the physical axion ap arise from the trace of χ+(a)
which can be simplified further:
Tr [χ+(a)] = 2Tr [M0]− Tr
( √2ηˆ′√
Nffη′
+
pˆibT b
fpi
− 2c˜sχM
−1
0
f 2piB0
ap
fa
)2
M0
+ · · ·
(3.27)
15One can also consider shifting a directly or adding the θ-angle in the quark mass matrix: all
these will lead to the same results due to chiral symmetry.
16Our convention is that after the shift, the VEV of the axion is zero so that the constant mode
of the axion is included in θ. This is equivalent to introducing θ through an extra term in the
Lagrangian which is linear in the axion and independent of the QCD fields.
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The terms which give rise to quadratic couplings of η′ and the axion to the nucleons
are those in (3.10) and those in the second row of (3.15). Inserting (3.19), (3.21),
and (3.27) in these expressions and adding θ through the replacement (3.25) we find
the following couplings:
L(θ)η′aB =
4Nccm1χθ
Nff 2piB0
(√
2Nf
fη′
ηˆ′ − 2c˜sχTr
[
M−10
]
f 2piB0
ap
fa
)
Tr
[
B¯B
]
(3.28)
+
(
2d2
NcχYM
− 4d3
f 2piB0
) √
2Nfχθ
fη′
ηˆ′ Tr
[
B¯B
]
, (3.29)
where we neglected second-order terms in the quark masses. Since the axion coupling
is proportional to cm1, which also controls the nucleon mass corrections, there is a
relation between the two (in the absence of other sources of CP-violation than the θ-
angle). We will discuss this in more detail in Sec. 4. Notice also that the ηˆ′ couplings
on the second line (3.29) are suppressed by Nf/Nc with respect to the couplings on
the first line. Therefore the couplings on the first line should be compared to the
Skyrme and WSS model analyses carried out in sections 4 and 5, which employ the
’t Hooft limit.
There are no couplings to the pion states pˆib in (3.28) and in (3.29). Notice
however that we ignored contributions from the single trace terms in (3.10) and
in (3.13) which will give rise to such couplings as we show below in the case Nf = 2.
The fields pˆia will also mix with ηˆ′ due to the flavor dependence of the quark masses,
and the final physical states will acquire CP-odd couplings to the nucleons from (3.28)
and (3.29) through the mixing.
Finally let us summarize the main results of the effective field theory analysis.
The non-derivative couplings of η′ and the axion to the nucleons, with the nucleons
transforming under generic spin-1/2 representations of the flavor group, are given
in (3.22)–(3.23) and in (3.28)–(3.29). The terms on the second lines in both results
are suppressed by Nf/Nc with respect to the first line, with the exception of the
axion coupling in (3.23). Therefore in the ’t Hooft large Nc limit where Nf/Nc  1,
only the terms of the first lines are presents, which leads to relations between the
nucleon couplings of the axion and the η′ – these will also be recovered in the analysis
of sections 4 and 5. The terms on the first lines have the same scaling with the
flavor masses mq, Nc and Nf (assuming the chiral limit where χ ∼ Ncmq/Nf ) if
c¯m2 ∼ cm1θ/Nf .
3.2 Results for Nf = 2 and Nf = 3
We now discuss the structure of the couplings at finite, fixed Nf , starting with Nf = 2
(and any odd Nc). This will be useful in order to compare to the results of sections 4
and 5. First, we analyze the derivative couplings in (3.5). The three pions and
the η′ form a four-dimensional representation of U(Nf = 2) which breaks into the
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iso-singlet η′ and the iso-triplet of pions at finite Nc. The ground state, spin-1/2
fermions, are in the fundamental isospin-1/2 representation:
N =
(
p
n
)
. (3.30)
In this case the derivative couplings of (3.5) and (3.7) read
gˆa
2
Tr [uµ ] N¯γ
µγ5N +Nc g
(1)
a N¯γ
µγ5uµN (3.31)
=
Ncga
2
Tr [uµ ] N¯γ
µγ5N +Nc g
(1)
a N¯γ
µγ5
(
uµ − 1
2
Truµ
)
N (3.32)
= −Ncga
2fη′
∂µη
′ N¯γµγ5N − Nc
2fpi
g(1)a ∂µpi
a N¯γµγ5τ
aN + higher order , (3.33)
where ga = g
(1)
a + gˆa/Nc, and τ
a are the Pauli matrices.17 There is only one indepen-
dent term in the sums over contractions in (3.5) and (3.7). The flavor structures of
the mass terms (3.10)–(3.13) are analogous to the derivative terms.
We note that in the limit of large Nc, the derivative couplings of the η
′ and the
pions become identical since fη′/fpi → 1 in this limit, signaling the enhancement of
the chiral symmetry from SU(2) to U(2).
The number of terms can be understood in the following way, which can be
generalized to higher Nf . First, we classify the pions and the η
′ according to the
underlying quark representations18 1 ⊕ 3 = 2 ⊗ 2¯. All possible flavor structures of
the η′− N¯ −N and pi− N¯ −N couplings are then obtained by adding the nucleons,
and consequently by identifying the singlets in the product state. We write
2⊗ 2⊗ 2¯⊗ 2¯ = (2⊗ 2)⊗ (2¯⊗ 2¯) = (1⊕ 3)⊗ (1¯⊕ 3¯) . (3.34)
When expanding the last expression, only products of a representation with its con-
jugate contain singlets (and exactly one each),
1⊗ 1¯ = 1 and 3⊗ 3¯ = 1⊕ 3⊕ 5 . (3.35)
These two singlets map to the two terms in (3.32) and in (3.33).
When Nf = 2, it is natural to take the light quark masses to be equal, mu =
md ≡ mud, so that isospin is unbroken and η′ does not mix with the pions. In
this case the couplings of the previous subsection apply directly for the physical
mass eigenstates ap, η
′
p, and pi
b
p, which are related to the fields with hats simply as
17In this action we neglected interactions with other nucleon representations like the ∆.
18For SU(2) conjugation acts trivially on the representations but we keep the conjugates since
this will not be the case for the generalizations to higher Nf .
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in (2.19). The couplings of the axion and the η′ to the nucleons therefore read
− 2c¯m2
(
Ncη
′
p
fη′
mud − 2c˜sNcχ
f 2piB0
ap
fa
)
N¯N − d¯1
(
2
fη′
η′p + c˜s
χ
χYM
ap
fa
)
N¯N (3.36)
+
4Nccm1χθ
f 2piB0
(
η′p
fη′
− 2c˜sχ
f 2piB0mud
ap
fa
)
N¯N +
(
4d2
NcχYM
+
8d3
f 2piB0
)
χθ
fη′
η′p N¯N . (3.37)
Recall that in this case the pion mass is given by m2pi ≈ B0mud in the chiral limit.
The most important CP-odd couplings of pions to the nucleons arise from (3.10)
and (3.13). In order to extract them, we note that
χ+ − 1
2
Tr [χ+] =
4χθ
f 2piB0
pibpτ
b
fpi
+ nonlinear , (3.38)
χ− − 1
2
Tr [χ−] = 2imud
pibpτ
b
fpi
+ nonlinear . (3.39)
Therefore the couplings become
−2Ncmud
fpi
c¯
(1)
m2pi
b
p N¯τ
bN +
4Ncχθ
f 3piB0
c
(1)
m1pi
b
p N¯τ
bN . (3.40)
Similarly to the derivative couplings above, cm1 equals c
(1)
m1 and c¯m2 equals c¯
(1)
m2
at large Nc up to corrections suppressed by 1/Nc. Since also fη′ ≈ fpi in this limit,
the couplings of the pions and that of the η′ in (3.36) and in (3.37) to the nucleons
become equal, signaling the enhanced chiral symmetry.
We proceed by discussing the couplings at Nf = 3. We also first fix Nc = 3
for simplicity. Then, in addition to the nonet of light mesons, the ground state of
spin-1/2 baryons transforms under the adjoint representation of SU(3). The usual
way [80] to write the couplings corresponding to (3.5) and to (3.7) is
gˆa
3
Tr [uµ ] Tr
[
B¯γµγ5B
]− D
2
Tr
[
B¯γµγ5 {uµ, B}
]− F
2
Tr
[
B¯γµγ5 [uµ, B]
]
(3.41)
=
ga
3
Tr [uµ ] Tr
[
B¯γµγ5B
]− D
2
Tr
[
B¯γµγ5
{
uµ − 1
3
Truµ, B
}]
− F
2
Tr
[
B¯γµγ5 [uµ, B]
]
, (3.42)
where ga = −D/2 + gˆa and with the baryon octet included in the traceless 3 × 3
matrix transforming as B → KBK†. We renamed the couplings g(1)a and g(2)a as D
and F following standard conventions.
In order to analyze the number of terms, we may again pack the mesons into
3 ⊗ 3¯ and consider the product of the nucleon and quark representations: 8 ⊗ 3 =
3⊕ 6⊕ 15. When multiplied with the similar antiquark representations each of the
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representations 3, 6, and 15 again gives rise to a singlet. Therefore we obtain three
singlets which map to the three terms of (3.41) and (3.42). The same argument
actually works for the ground state spin-1/2 baryons for any Nf and any odd Nc. In
this case the baryons belong to a representation defined through a Young diagram
having exactly two rows, one with Nc/2 + 1/2 boxes and the other with Nc/2− 1/2
boxes [77, 78]. For excited states of baryons in generic representations one obtains
O (Nc) independent terms.
3.3 The one-loop couplings
The meson-nucleon couplings of the effective Lagrangian described above give rise
to further contributions to the couplings of interest via quantum effects. These
quantum effects are determined by the effective meson and nucleon fields. In the ’t
Hooft limit, they are suppressed by powers of Nc, while in the Veneziano limit, they
may be unsuppressed.
We will discuss such effects below. In the case of Nc = 3, Nf = 2, they were
calculated in [67] but we will extend here this calculation to arbitrary Nc and Nf .
The starting Lagrangian for the pion-nucleon interactions was given already in
the previous subsections, but we will abstract here the couplings that are of interest.
The η and η′ couplings to pions from the chiral Lagrangian are
LHpipi = fHpipimH H ~pi · ~pi , H = η, η′ , (3.43)
where the couplings behave as
fHpipimH ∼ θmq
N
3
2
f N
1
2
c
, (3.44)
in the chiral and large Nc, Nf limits (see Appendices B.2 and D). Similarly the
coupling to the axion can be written as
Lapipi = fapipi a
fa
~pi · ~pi , (3.45)
where fapipi scales as ∼ θmq/N2f . The couplings to the nucleons are19
LHNN = g¯HNN HN¯N . (3.46)
We also need the kinetic terms of the spin 1/2 nucleons and the spin-3/2 ∆, which
in the conventional Nf = 2 case are
LN = N¯
(
i /D −mN − g0
2
/uγ5
)
N , L∆Npi = ihA
2fpim∆
N¯T aγµνλ(∂µ∆ν)∂λpi
a + h.c.
(3.47)
19The θ contribution from (3.28) scales as ∼ θmqN1/2c N−3/2f .
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Figure 1: Diagrams contributing at one-loop to the coupling between η, η′ and ground-
state nucleons. (a) With a ground-state nucleon intermediate state. (b) With a higher-spin
nucleon intermediate state. (c) From pions running in the loop. This last diagram does
not contribute due to isospin symmetry. Figure from [67].
N above stands for the spin-1/2 nucleon iso-doublet while ∆µ for the ∆ iso-quartet.
The covariant derivatives Dµ and uµ were defined in (3.4) and the matrix u in (3.1).
T a are the Clebsch-Gordan matrices that couple the doublet, the quartet and the
triplet of SU(2). From (3.32) we have
g0 = 2Ncg
(1)
a ' gA , (3.48)
where the last equality above with the coupling of the nucleons to the axial current
being valid in the chiral limit.
At arbitrary Nc and Nf , the field N represents the lowest-lying flavor represen-
tation of spin 1/2, that is the
(
Nc+1
2
, Nc−1
2
, 0, · · · , 0) in Dynkin notation. The spin
3/2 representation is the
(
Nc+3
2
, Nc−3
2
, 0, · · · , 0) flavor representation and so on. In
the general case, there may be also higher-spin baryons with spin larger than 3/2
and up to Nc/2. The parameters mN , g0 and hA scale as O(Nc). The matrix u is a
unitary U(Nf ) matrix while the pion current uµ is a Hermitean Nf ×Nf matrix.
The flavor structure of the pion-nucleon interaction involves T aij where a is an
adjoint index of U(Nf ) and i, j are indices in the flavor representations R,R
′ of the
nucleons. At general Nf , these can be any representation in the tensor product
(⊗)Nc . We will be assuming here exact flavor symmetry so that all quark masses
are the same.
We discuss first the one-loop couplings of the η′ and η mesons to the nucleons
and consider the axion coupling below. The diagrams that contribute at one loop are
shown in figure 1. Diagram (a) has ground-state nucleons as intermediate states while
diagram (b) has higher spin nucleons. Diagram (c) gives a vanishing contribution
due to isospin symmetry as charge conjugate pions give opposite sign contributions.
Notice that the CP-violation must arise from the three-meson vertex because this
vertex vanishes if CP is conserved.
For the rest, we will call R the flavor representation of the ground-state nucleons
and RI all the others that give rise to the analogues of ∆. The flavor couplings that
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enter in L∆Npi in (3.47), F ai,α, are the Clebsch-Gordan coefficients linking the adjoint,
R and R˜I of the flavor group. The index i is that of the ground-state nucleon while α
is that of the ∆. Of course for higher spin nucleons, ∆µ1µ2··· is a tensorial spinor, and
the space-time factors in the couplings in (3.47) will change appropriately. These are
O(1) changes though and we will not worry about them at the moment.
The diagram (a) gives at Nf = 2, [67]
g¯HNN = −2fHpipig
2
AmH
16pi2f 2pimN
[
m2pi log
mN
mpi
+m2N +
mpi(m
2
pi − 3m2N)√
4m2N −m2pi
× (3.49)
×
(
arctan
mpi√
4m2N −m2pi
+ arctan
2m2N −m2pi
mpi
√
4m2N −m2pi
)]
,
where the result was renormalized in the MS scheme and the external nucleons were
put on-shell. In the general Nf , Nc case, where the coupling is between the nucleon
states N i and N j we must multiply (3.49) by (T aT a)ij = I(R)δij of the flavor group
where I(R) is the standard quadratic Casimir of the relevant representations. The
axial coupling in (3.49) scales as gA ∼ Nc(Nf )0 at large Nc while the scaling of fHpipi
is in (3.44). From (3.49) we deduce that20
g¯HNN ∼ N
3
2
c , (3.50)
as mN ∼ O(Nc) and I(N) ∼ O(1).
The ∆-mediated diagram has the contribution
g¯∆HNN =
fHpipih
2
Am
3
NmH
1152pi2f 2pim
2
∆
Z
(
mpi
mN
,
m∆
mN
)
, (3.51)
where the dimensionless function Z can be found in [67]. In the large Nc limit it
scales as Z ∼ O(1) while ha ∼ O(Nc). We obtain
g¯∆HNN ∼ N
3
2
c . (3.52)
At general Nc and Nf , the diagrams of type (b) corresponding to the coupling
of external nucleon states N i and N j are multiplied by∑
a,α
(F aI )i,α(F
a
I )α,j , (3.53)
where (F aI )i,α are the Clebsch-Gordan coefficients linking the adjoint (a index), the
ground-state flavor rep (i index) and the higher spin intermediate flavor representa-
tion I (index α). There are also O(1) differences due to the different spin structure
20This estimate is valid if we take first the chiral limit and then the large Nc limit. It is known
that the chiral limit and the large Nc do not commute for generic observables.
– 22 –
of the intermediate ∆ states. The conclusion is that all such individual contributions
scale at large Nc as in (3.50).
21
For Nf = 2, Nc = 3 from [67] we obtain
g¯ηNN
fηpipi
' 1.33 , g¯η′NN
fη′pipi
' 2.32 , (3.54)
g¯∆ηNN
fηpipi
' 0.38 , g¯
∆
η′NN
fη′pipi
' 0.64 . (3.55)
The one-loop couplings to the axion can also be extracted from the above results:
this amounts to replacing fHpipimH by fapipi/fa in (3.49) and in (3.51). We find that
g¯aNN fa
fapipi
' 2.4× 10−3 MeV−1 , g¯
∆
aNN fa
fapipi
' 6.7× 10−4 MeV−1 . (3.56)
Finally, we can estimate these loop contributions as a function of the θ angle
as follows. By using the expression for the η′pipi from the Skyrme model and chiral
perturbation theory in (D.3) we obtain
fη′pipi ' −0.052 θ , (3.57)
where we inserted mpi ' 135 MeV, mη′ ' 958 MeV, fpi ' 92 MeV and Nf = 2.
Therefore we obtain for the CP-violating couplings
g¯η′NN ' −0.12 θ , g¯∆η′NN ' −0.033 θ . (3.58)
Similarly, from (B.29) (setting c˜s = 1, taking the chiral limit, and taking the
quark masses to be flavor independent) we find that
fapipi ' θ × 2300 MeV2 (3.59)
so that the one-loop axion couplings can be estimated as
g¯aNN ' θ
(
5.5 MeV
fa
)
, g¯∆aNN ' θ
(
1.5 MeV
fa
)
. (3.60)
4. The Skyrme model picture
In this section we calculate in the Skyrme model the non-derivative axion couplings
to nucleons, as well as the CP-breaking η′ and pion couplings to nucleons, discussed
in the previous sections.
21Notice that at large Nc both the nucleons and the ∆ (as well as the higher spin states) are
actually packed into the completely symmetric representation of the combined spin-flavor group
SU(2Nf ) [77, 78].
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We can extract two classes of axion couplings. The first class consists of quartic
couplings of the nucleons to two axions or to one axion and one η′. The second class of
couplings is present whenever the Peccei-Quinn mechanism is not perfect (or if weak
interaction CP-breaking effects are taken into account). As already recalled, explicit
breaking of the Peccei-Quinn symmetry by higher-dimensional operators shifts the
VEV of the axion. These operators are generically present in most UV completions of
axion models. Even if suppressed by powers of the Planck mass, up to dimension ten
their coefficient must be very small, in order to cope with the experimental bounds
(see e.g. [82, 83]) setting θ . 10−10, [84, 85]. The extent of fine-tuning needed
for these coefficients determines the so-called “quality” of the axion. Therefore, on
general grounds one can expect that the axion does not cancel completely the θ-
angle. In such a case, we can study linear CP-breaking couplings of the axion and
η′ to nucleons, with a (non-vanishing) θ-dependent coefficient.
In the Skyrme model, one treats baryons as solitons of the chiral Lagrangian
(2.5), stabilized with the aid of a quartic term in U , the so-called Skyrme term [65].
Moreover, one works at large Nc and finite Nf , so that fη′ = fpi and double trace
terms are discarded. Choosing the scheme where the axion is entirely contained in
the topological term, the Lagrangian (2.5) plus the quartic term reads [14]
L = f
2
pi
4
Tr
(
U †∂µU · U †∂µU
)− 1
2
∂µa∂
µa+
1
32e2
Tr
[
U †∂µU,U †∂νU
]2
+
f 2pi
4
B0Tr
(
MU +M †U †
)− χYM
2
[
− i
2
Tr
(
logU − logU †)+ a
fa
]2
, (4.1)
where U is defined in (2.2) and we have switched to a mostly plus Minkowski metric.
The coupling in the Skyrme term scales with Nc as e ∼ 1/fpi ∼ 1/
√
Nc, while
B0 ∼ χYM ∼ O(N0c ).
We begin in this section from the Nf = 2 model, where M = diag(mu,md) is the
quark mass matrix and T a = τa are the Pauli matrices. The GMOR relation sets
2m2pi = Tr[M ]B0 , (4.2)
as in equation (2.20). As we have seen in section 2, the last term of (4.1) mixes
the η′ and the axion, and in turn the latter with the pions. Neglecting the mixing
terms between η′ and pions, the mass eigenstates at leading order in 1/fa are now
(see equations (2.11)-(2.13))
ηˆ′ = η′ +
χ
B0fpi
Tr[M−1]
a
fa
,
pˆia = pia +
χ
B0fpi
Tr[τaM−1]
a
fa
,
ap = a− χ
B0fpi
Tr[M−1]
η′
fa
− χ
B0fpi
Tr[τaM−1]
pia
fa
, (4.3)
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where
χ =
χYMB0f
2
pi
B0f 2pi + 2χYMTr[M
−1]
, (4.4)
is the full topological susceptibility of the theory. The previous expressions show
that the mixing of the axion with pions only occurs if the flavors are non-degenerate
in mass.
The Skyrme model without the axion allows to compute the couplings of the
η′ and the pions to nucleons. The couplings are defined via the following effective
Lagrangian terms
δL = igη′NNη′N¯γ5N + igpiNNpiaN¯γ5τaN + g¯η′NNη′N¯N + g¯piNNpiaN¯τaN , (4.5)
where N is the two component vector for the spin 1/2 nucleons N = (p, n), the first
two couplings are CP-even, while the last two are CP-odd and arise in the presence
of any effective non zero θ-angle or any other CP-violating source.
The axion couplings to nucleons, to leading order in 1/fa, can therefore be ob-
tained from the ones above, simply replacing η′ and pia with the respective physical
fields defined in (4.3). Notice that in the non-relativistic limit, which is justified
since the nucleon mass mN ∼ O(Nc) is large in the large Nc limit, the non-derivative
CP-even couplings can be traded for derivative ones since, for any scalar field φ
i∂µφN¯γ
µγ5N ≈ 2mNφN¯γ5N . (4.6)
These meson-nucleon couplings were already analyzed using effective field theory in
Sec. 3; the results for derivative couplings are given in equation (3.33) and for the
non-derivative CP-violating couplings in equations (3.36), (3.37), and (3.40).
If we define the derivative axion-nucleon couplings as
δLaNN,der = −∂µa
2fa
cNN¯γ
µγ5N , (4.7)
we find, using (4.6), (4.5) and (4.3)
cp = −gη′NN
mN
χ
fpiB0
Tr[M−1]− gpiNN
mN
χ
fpiB0
Tr[M−1τ 3] , (4.8)
cn = −gη′NN
mN
χ
fpiB0
Tr[M−1] +
gpiNN
mN
χ
fpiB0
Tr[M−1τ 3] . (4.9)
To leading order in the chiral limit, where the mass of the pion is much smaller
than that of the η′ (i.e. when f 2piB0  2χYMTr[M−1]), the expression above can be
rewritten as
cp ≈ −1
2
gˆA − 1
2
gA
md −mu
md +mu
, (4.10)
cn ≈ −1
2
gˆA +
1
2
gA
md −mu
md +mu
, (4.11)
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where the isoscalar and isovector axial couplings, obtained from the matrix elements
of the axial current between baryon states (the axial form factors), are related to those
of the η′ and the pion by means of the generalized Goldberger-Treiman relations
gη′NN =
mN
fpi
gˆA , gpiNN =
mN
fpi
gA . (4.12)
In the formulae at hand chiral symmetry is not enhanced to U(2) in the large Nc
limit because the latter does not commute with the chiral limit. The couplings (4.10),
(4.11) are, for the case Nf = 2, precisely the “universal” ones obtained in any axion
model in the KSVZ class [6, 7].
Notice that in the Skyrme model, both gpiNN [66] and gη′NN [86] have been
computed (the latter one in a suitable extension of the Skyrme model including
some vector mesons).
The non-derivative axion-nucleon couplings
δLaNN,non−der = c¯NaN¯N , (4.13)
can be analogously obtained as
c¯p = −g¯η′NN χ
fafpiB0
Tr[M−1]− g¯piNN χ
fafpiB0
Tr[M−1τ 3]
c¯n = −g¯η′NN χ
fafpiB0
Tr[M−1] + g¯piNN
χ
fafpiB0
Tr[M−1τ 3] . (4.14)
Therefore, to leading order in the above mentioned chiral limit
c¯p ≈ −1
2
g¯η′NN
fpi
fa
− 1
2
g¯piNN
fpi
fa
md −mu
md +mu
,
c¯n ≈ −1
2
g¯η′NN
fpi
fa
+
1
2
g¯piNN
fpi
fa
md −mu
md +mu
. (4.15)
To the best of our knowledge, the CP-odd couplings g¯η′NN and g¯piNN have not been
computed in the Skyrme model so far. The coupling g¯piNN in the Skyrme model with
a finite θ-angle has been argued to be suppressed in the large Nc limit [87]. In the
chiral limit (which in general does not commute with the large Nc one) it has been
computed in [88].
In the following subsection, considering the Nf = 2 mass-degenerate case, we
will directly extract the non-derivative axion-nucleon couplings and, in turn, g¯η′NN ,
showing that the expected relation
c¯p = c¯n ≡ g¯aNN = −2χ g¯η′NN
fafpim2pi
, (4.16)
is indeed satisfied (see equation (3.36)). We will then compute the g¯piNN coupling in
section 4.2. Finally, we will discuss the Nf = 3 non-degenerate case in section 4.3.
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4.1 The non-derivative axion-nucleon couplings for Nf = 2
In the Nf = 2 mass-degenerate case mu = md = mud, the relations (4.3) reduce to
η′p = η
′ +
2χ
fpim2pi
a
fa
, ap = a− 2χ
fpim2pi
η′
fa
, (4.17)
where
χ =
m2pif
2
piχYM
f 2pim
2
pi + 4χYM
. (4.18)
Up to corrections of order O(1/f 2a ), the masses of the physical states are
m2η′p = m
2
pi +m
2
WV , with m
2
WV ≡
2NfχYM
f 2pi
=
4χYM
f 2pi
, (4.19)
m2ap =
χ
f 2a
, (4.20)
where in the first line we have introduced the Witten-Veneziano mass mWV .
The couplings of interest can be extracted from the mass term of (4.1), set on-
shell on the Skyrme solution. The spherically-symmetric ansatz for the latter is
Us = (12 cosF (r) + i~τ · xˆ sinF (r)) , (4.21)
where r2 =
∑3
n=1 x
2
i , xˆ =
~x
|~x| , τ
i (i = 1, 2, 3) are the Pauli matrices and 12 is the
two-dimensional identity matrix. The function F must solve the equation [66](
y2
4
+ 2 sin2 F
)
F ′′ +
y
2
F ′ +
(
F ′2 − 1
4
)
sin 2F − sin
2 F sin 2F
y2
= 0 , (4.22)
where F = F (y) with y = 2efpir, and the conditions for having baryonic number
equal to one are F (0) = pi, F (∞) = 0. The equation can be solved numerically. The
solution asymptotes as y−2 at large y.
With the diagonal mass M = mud12, the mass term of (4.1) on-shell on the
Skyrmion, once we subtract the vacuum configuration U = 12 and using the GMOR
relation B0mud = m
2
pi, reads
LM = f
2
pim
2
pi
4
Tr
[
e
i
fpi
η′(Us − 12) + h.c.
]
=
f 2pim
2
pi
4
Tr
[
e
i
fpi
η′p− 2iχf2pifam2pi ap(Us − 12) + h.c.
]
.
(4.23)
Setting to zero the fields η′p, ap, (minus) the integral over space of this expression
gives the leading quark-mass correction to the nucleon mass, commonly referred to
as the “pion-nucleon” σ term
δMN = −
∫
d3xLM(η′p = ap = 0) =
αpim2pi
2e3fpi
, (4.24)
– 27 –
where the constant α is determined by the numerical solution for F (y) through
α ≡
∫ ∞
0
dyy2 (1− cosF (y)) ≈ 18.25 . (4.25)
Notice that in the more general case of Nf degenerate quark masses, one would get
the same expression as in (4.24), as a result of the standard embedding of the SU(2)
Skyrmion solution into SU(Nf ).
By treating the axion as an external field at leading order in 1/fa as customary,
we can now directly extract from (4.23) the axion couplings to the nucleons. Let us
adopt the normalization
δL = g¯a2NNa2N¯N + g¯aNNaN¯N , (4.26)
for the axion-nucleon Lagrangian terms.
We begin from the quartic axion coupling. Taking a derivative of (4.23) with
respect to a2p and setting to zero the fields η
′
p, ap we obtain
− 2χ
2
f 2pif
2
am
2
pi
(cosF (r)− 1) . (4.27)
Integrating this expression over space we obtain
g¯a2NN =
1
f 2a
αpiχ2
e3f 5pim
2
pi
. Skyrme Nf = 2 , (4.28)
In the “chiral limit” mpi  mWV (with mWV defined in (4.19))
χ ∼ m
2
pif
2
pi
4
, (4.29)
so that the above expression reduces to
g¯a2NN ∼ 1
f 2a
αpim2pi
16e3fpi
. Skyrme Nf = 2 , mpi  mWV (4.30)
The numerical estimates of the couplings are performed in section 6 and in appendix
E.
As anticipated, if the Peccei-Quinn mechanism is not perfect, the vev of ap is
not precisely zero, rather it is proportional to a residual value of the θ-angle. We use
the sign convention22
ap
fa
= θ . (4.31)
22Note that this is the same convention of [14] but differs from the one in [89, 90] for the sign of
θ.
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In this case (4.23) gives the linear CP-breaking coupling of the axion with the nu-
cleons, by taking a single derivative w.r.t. ap and setting it to its vacuum value,
obtaining
g¯aNN =
θ
fa
2αpiχ2
e3f 5pim
2
pi
∼ θ
fa
αpim2pi
8e3fpi
, Skyrme Nf = 2 (4.32)
where in the second relation we have taken the “chiral limit” mpi  mWV . Obviously,
at this order
g¯aNN = 2θfa g¯a2NN . (4.33)
We may now note that if one treats the η′p as an external field as well, (4.23)
provides also the CP-breaking η′p coupling to nucleons. With the convention in (4.31)
the result is
g¯η′NN = −θαpiχ
e3f 4pi
∼ −θαpim
2
pi
4e3f 2pi
, (4.34)
and the quartic η′p-axion-nucleus coupling reads
g¯η′aNN = − 1
fa
αpiχ
e3f 4pi
∼ − 1
fa
αpim2pi
4e3f 2pi
. (4.35)
Needless to say, the ratio between the linear couplings of ap and η
′
p to nucleons
agrees with the expected result (4.16) and it is nothing else than the mixing term
in (4.17). One can therefore deduce one coupling from the other just by considering
the mixing.
Finally, one can observe that for the more general case of Nf degenerate quark
flavors in the “chiral limit” the following relation holds
g¯aNN =
1
N2f
θ
fa
δMN , (4.36)
where δMN is given in eq. (4.24). This formula, which in the Nf = 2 + 1 non-
degenerate case already appeared in [54],23 can be used to give an estimate of the
axion coupling once the quark mass contribution to the nucleon mass is known. This
contribution can be extracted from the lattice or effective field theory arguments,
with sizable error bars. Our formula above for g¯aNN (4.32) can be used independently
from relation (4.36), in order to extract a numerical value without the need of the
knowledge of δMN , see section 6.
23In [54] the formula is obtained by considering the nucleon matrix element of the interaction
operator θfa
mumd
mu+md
(u¯u + d¯d + s¯s). The latter is extracted, in the mu,d  ms limit, from the
expansion of the quark mass term in the Hamiltonian, once the θ-term has been rotated in the
mass sector and the energy has been minimized.
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4.2 Computing g¯piNN
The results we have discussed in the previous section have been obtained by consider-
ing the standard large Nc description of the Skyrmions. Starting from the hedgehog
soliton solution for the pion matrix U = Us, the quantization is achieved in a non-
relativistic limit passing to a slowly rotating time-dependent solution A(t)UsA(t)
−1
where the matrix A accounts for the time-dependent SU(2) (for Nf = 2) moduli. In
the process, the η′ field does not obtain any time dependence.
However, in a more advanced version of the model, where the Skyrmion emerges
as a soliton solution of an effective Lagrangian including ρ and ω vector mesons, the
quantization includes a time-dependent solution for the η′ soliton component [91].
The latter becomes proportional to the soliton angular velocity Ki ∼Tr[A˙τ iA−1]
which clearly vanishes in the static limit. Time derivatives of the moduli are usually
1/Nc suppressed in the model and therefore the contribution of this term will be
generically suppressed too. However, this term provides the leading order contribu-
tion to the CP-even gη′NN coupling. The explicit result can be found in section E of
[86] for the Nf = 2 case. By standard parameter fitting the authors of [86] obtain
gη′NN = 1.61.
Analogously, the computation of g¯piNN in the Skyrme model with Nf = 2 can be
performed using the results in [91, 92]. The inclusion of the non-trivial background
profile for the η′ described above induces a term which is linear in θ in LM . In fact,
the variation of the latter, put on-shell on the extended soliton solution, with respect
to pia reads
ifpiB0
4
Tr
[
MAτa(ei
θ
2
+iϕ(r)Us − h.c.)A−1
]
= fpim
2
pi
xa
r
cos
(
θ
2
+ ϕ(r)
)
sinF (r) ,
(4.37)
where
ϕ(r) ≡ η(r)
fpi
~K · rˆ . (4.38)
In the latter expression 2 ~K is the angular velocity of the rotating nucleon and η(r)
is extracted from the η′ equations of motion. The latter include (at least) two
parameters, related to the vector-vector-pseudoscalar coupling gV V φ and the vector-
pseudoscalar3 coupling h. These have been extracted in the model at hand in [86].
By expanding (4.37) at first order in θ and making use of the fact that Ka =
τa/(4Θ), where Θ is the moment of inertia of the nucleon, the coupling is obtained
by integrating in space
g¯piNN = −θpi
6
m2pi
1
Θ
∫
drr2η(r) sinF (r) ≡ −θm
2
pifpi
16δ
∆δ
Θ
. (4.39)
In the last step we have rewritten the result in terms of the η′ contribution to the
neutron-proton mass-splitting ∆δ, since its value over Θ is already tabulated in [92].
Also, δ is the isospin-violating coefficient in the Lagrangian mass term; it is negative.
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4.3 The Nf = 3 case
An entirely analogous derivation of the non-derivative couplings we are focusing on,
can be performed in the case of Nf = 3 non-degenerate flavors. We use the notation
in [89], where the Lagrangian, once the substitution θ → a/fa is performed, is already
in a diagonal basis for the axion. Hence, for the rest of the discussion we drop the
subscript “p” of the fields for notational convenience. Moreover, in this section we
work in the “chiral limit” mpi  mWV ,mK (mWV is defined in (4.19) and mK is the
kaon mass).
Actually, the Lagrangian in [89] is written at linear order in θ. Generalizing that
expression to the non-linear case, the mass term reads
LM = f
2
pi
4
Tr
[
M˜(U − 1) + h.c.
]
, (4.40)
where
M˜ = diag
(
M1e
i
λθ
M1 ,M1e
i
λθ
M1 ,M3e
iγ˜
λθ
M3
)
. (4.41)
In this expression M1 = m
2
pi,M3 = 2m
2
K −m2pi and γ˜ (called α in [89]) is a certain
combination of the masses and the topological susceptibility which will be irrelevant
in the “chiral limit”. Finally λθ, proportional to θ, will be given in a few lines. The
leading effect of SU(2) isospin breaking will be introduced later on.
The Skyrmion is just the embedding of the SU(2) one into SU(3), so the con-
figuration we need is24
U = Us = e
i~λ·xˆF (r) , (4.42)
where with ~λ we denote the vector composed by the first three Gell-Mann matrices.
The function F is the same as for the Nf = 2 model. One can calculate the quark
contribution to the nucleon mass by setting λθ = 0, which corresponds to setting to
zero the axion field, and putting (4.40) on-shell on the Skyrmion solution. The result
is
δMN =
αpi(m2pi + 2m
2
K)
6e3fpi
, (4.43)
where α is given in (4.25). Note that in this formula we have not taken the chiral
limit. In the degenerate mass case, eq. (4.43) exactly reduces to theNf = 2 expression
(4.24).
In order to extract the axion couplings we expand (4.40), on-shell on the Skyrmion,
up to second order in λθ. In the “chiral limit”, the result turns out to be very simple
LM = λ
2
θf
2
pi
2m2pi
(1− cosF ) . (4.44)
24In this expression we have dropped a factor Exp[− ifpi
√
2
3δ], where δ is connected to the vacuum
value of the singlet, because it gives a subleading correction in m2pi/m
2
WV ,m
2
pi/m
2
K to our result.
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In the same limit, we have [89]
λθ =
1
2
βm2piθ , (4.45)
where
β =
4x
(1 + x)2
, with x ≡ mu
md
. (4.46)
At leading order the only effect of SU(2) symmetry breaking is encoded in the
parameter β. Therefore, from (4.44) we obtain the couplings
g¯aNN = 2θfag¯a2NN =
θ
fa
αpiβm2pi
8e3fpi
. Skyrme Nf = 3 , mpi  mWV ,mK , (4.47)
where mWV in the Nf = 3 case is easily extracted from (4.19). Apart from the factor
β accounting for isospin symmetry breaking, the result is the same, in form, of the
Nf = 2 case. In the present case the relation with the mass correction (4.43) is
g¯aNN =
3
8
m2pi
m2K
θ
fa
βδMN , Skyrme Nf = 3 , mpi  mWV ,mK . (4.48)
From the results in [89] one can as well extract the CP-breaking η and η′ couplings
to the nucleons. In fact, the relevant Lagrangian term in the “chiral limit” reads25
L = −θβm
2
pifpi
2
√
3
(1− cosF ) (pi8 +
√
2 η′) . (4.49)
At the order we are working, it is sufficient to consider the η′ − pi8 mixing in (2.18),
where the mixing angle is θηη′ ≈ −pi/9 (see e.g. [89]). Using these expressions in
(4.49) we obtain
g¯η′NN = −θαpiβm
2
pi
4e3f 2pi
√
2 cos θηη′ + sin θηη′√
3
, (4.50)
g¯ηNN = −θαpiβm
2
pi
4e3f 2pi
cos θηη′ −
√
2 sin θηη′√
3
. (4.51)
Therefore, apart from the last result, which takes into account the η − η′ mixing,
the Nf = 3 case in the “chiral limit” gives the same formal outcome of the Nf = 2
model for the axion couplings. This suggests that, not unexpectedly, the corrections
due to the inclusion of the strange quark are small.
5. Large Nc estimates in the WSS holographic model
In this section we consider a second model which allows to estimate the non-derivative
couplings to nucleons of axion, η′ and pions. It is the most successful top-down
25Note the different convention on the sign of θ with respect to [89].
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holographic cousin of planar QCD, know as the Witten-Sakai-Sugimoto model (WSS)
[60, 61]. Although it has a higher-dimensional UV completion, it gives reasonable
quantitative results for many QCD observables. Similarly to the Skyrmions, baryons
are solitons of this theory. Moreover, the model allows to include systematically the
contribution of the (axial) vector mesons.
In the next subsection, we will briefly review the model for the reader who is
unfamiliar with it. In the following subsections we will compute the above mentioned
CP-odd couplings in analogy to what we have done for the Skyrme model.
5.1 The WSS model
The WSS model is based on a D4−D8 brane setup in type IIA string theory. There
are Nc D4-branes wrapped on a circle of radius R4 = 1/MKK where antiperiodic
boundary conditions for the fermions are imposed. Then Nf D8-anti-D8-branes are
placed at antipodal points on that circle.26 At energies much smaller than MKK ,
the dynamics on such branes is given by a 3 + 1 dimensional large Nc SU(Nc) gauge
theory with Nf massless quarks. The massive sector contains scalars and fermions
(with mass scaling as MKK) in the adjoint representation of the gauge group. In the
limit where a simple holographic gravitational dual description of the model can be
given, this massive sector cannot be decoupled from the QCD-like one. The classical
gravity regime, in fact, amounts on taking Nc  1 and λ  1, where the ’t Hooft
coupling λ sets the ratio between the confining SU(Nc) string tension and M
2
KK .
The flavor sector in the model is described by the low energy modes of the
D8-branes. When f ∼ λ2(Nf/Nc)  1 the latter can be treated as probes of the
background sourced by the D4’s: this corresponds to the quenched approximation for
the quarks.27 In this limit, the D8-anti-D8-branes actually join in the background,
realizing geometrically chiral symmetry breaking. Their effective action reduces to
a U(Nf ) Yang-Mills theory with Chern-Simons terms on a curved space-time in five
dimensions
SWSS = SYM + SCS , (5.1)
SYM = −κ
∫
d4xdzTr
(
h(z)
2
FµνFµν + k(z)FµzFµz
)
,
SCS =
Nc
24pi2
∫
Tr
(
AF2 − i
2
A3F − 1
10
A5
)
,
where (in units28 with MKK = 1)
κ =
λNc
216pi3
, h(z) = (1 + z2)−1/3 , k(z) = (1 + z2) , z ∈ (−∞,∞) . (5.2)
26This is not the only possibility. More general non-antipodal configurations can be also consid-
ered. However, it is only in the antipodal case that the glueball and meson mass scales coincide.
27See [93] for an account of the flavor backreaction to first order in f .
28The correct dimensions in the formulae of this section are recovered by inserting powers of
MKK where needed.
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Here z is the radial holographic direction and we have omitted the wedge product
symbol “∧” in the CS terms. We shall mostly focus on such an action in the Nf = 2
case.
The matrix for the Goldstone modes is given by the path ordered holonomy
matrix
U = Pexp
[
i
∫
dzAz
]
= e
2i
fpi
(
piaTa+ η
′√
2Nf
)
, (5.3)
where, to be consistent with standard conventions in the holographic literature, we
use the normalization Tr [T aT b] = δab/2 on the SU(Nf ) generators.
The effective action for U precisely reduces to the chiral Lagrangian with the
Skyrme term [61], with the pion decay constant fpi and the coupling e given by
fpi = 2
√
κ
pi
, e2 ∼ 1
2.5κ
. (5.4)
The pseudoscalar meson η′ acquires a mass according to the Witten-Veneziano rela-
tion
m2η′ = m
2
WV =
2Nf
f 2pi
χYM , (5.5)
where χYM is the topological susceptibility of the pure SU(Nc) theory, given by
χYM =
λ3M4KK
4(3pi)6
. (5.6)
This implies that in the WSS model the Witten-Veneziano mass,
m2WV =
1
27pi2
Nf
Nc
λ2M2KK ∼ fM2KK , (5.7)
is much smaller than MKK .
Baryons in the model are instanton solutions [63] with baryon number nB given
by
nB =
1
8pi2
∫
B
TrF ∧ F , (5.8)
where B is the space spanned by (x1,2,3, z) and F is the U(Nf ) field strength. Nu-
cleons correspond to nB = 1 solutions.
In the Nf = 2 case with massless flavors, using an SU(2)×U(1) notation for the
gauge field
A = A+ Â12
2
= Aa
τa
2
+ Â
12
2
, (5.9)
a simple static instanton solution can be given around z = 0 where the curvature
of the background can be neglected. The related solution corresponds to a charged
BPST instanton
AclM = −if(ξ)g∂Mg−1 , Âcl0 =
Nc
8pi2κ
1
ξ2
[
1− ρ
4
(ρ2 + ξ2)2
]
, Acl0 = Â
cl
M = 0 , (5.10)
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where M = 1, 2, 3, z and
f(ξ) =
ξ2
ξ2 + ρ2
, g(x) =
(z − Z)12 − i(~x− ~X) · ~τ
ξ
, ξ2 ≡ (~x− ~X)2 + (z − Z)2 .
(5.11)
This solution depends on eight parameters: the instanton center of mass position
XM = ( ~X,Z), the instanton size ρ and implicitly, three SU(2) “angles” related to
the fact that the solution can be rotated by means of a global gauge transformation.
They are encoded in the matrix
a = a41 + i
3∑
i=1
aiτ
i,
4∑
I=1
a2I = 1 . (5.12)
Substituting the solution (5.10) into the action (5.1) one finds
Son shell = −
∫
dt MB , (5.13)
where, up to O(λ−2) corrections
MB(ρ, Z) = M0
[
1 +
(
ρ2
6
+
N2c
320pi4κ2
1
ρ2
+
Z2
3
)]
, M0 ≡ 8pi2κ , (5.14)
where M0 gives the baryon mass in the λ→∞, Nc →∞ limit.
This implies that ρ and Z are not genuine moduli; in fact they are classically
fixed by minimizing MB as
ρ2cl =
Nc
8pi2κ
√
6
5
=
27pi
λ
√
6
5
, Zcl = 0 . (5.15)
These relations imply that the instanton size ρ ∼ 1/√λ is very small (but not zero)
in the λ  1 regime, and that the center of the instanton is classically localized at
Z = 0. The full expression for the static instanton solution valid for any value of z
in the λ 1 limit can be found in [64].
In [48, 49], the solution above has been modified by including a (small) mass
term mq for the flavor fields (taken to be degenerate in mass) as well as a (small)
non-zero topological θ term. The deformation is driven (in units MKK = 1) by the
(small) parameter
cmq
κ
θ ≡ m
2
pi
pi
θ . (5.16)
In the mass-and-θ-deformed instanton solution, two new gauge field components are
turned on, to first order in the above parameter. One is the Abelian component
Âmassz , which gives a non trivial vacuum expectation value to the η
′ meson, while
the other is the non-Abelian component Amass0 which can be interpreted as a dipole
electric potential in the bulk. It is the latter component which is responsible for the
nucleon electric dipole moment to be different from zero [48, 49], but it is the former
which will be useful for our purposes below.
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5.1.1 Instanton moduli quantization
We remind the reader that the quantum description of the instanton solution re-
viewed above is obtained in analogy with what is done for the Skyrmion [66]. Since
M0 = 8pi
2κ ∝ λNc  1, a non relativistic limit can be taken in which the system
reduces to a quantum mechanical model for the time-dependent instanton (pseudo)
moduli. The slowly rotating instanton solution around z ≈ 0 is given by
Ucl → a(t)Ucla(t)† , (5.17)
where, setting ~X = 0 we have
Ucl ≡ u01− iuiτ i = − cosα1− i sinαx
i
r
τ i . (5.18)
Here,
α = α(r) =
pi√
1 + ρ2/r2
, (5.19)
with r = |~x|.
Time-dependent rotations act non-trivially on the non-Abelian components of
the gauge field. Consistency with the equations of motion, in turn, induces a non
trivial time dependence on the Abelian components too, except that on Â0 [64].
In the z  1 region, the time dependent non-Abelian field components read
A0 = −i(1− f(ξ))a a˙−1 + i(1− f(ξ))X˙Ma(g−1∂Mg)a−1 ,
AM = −i(1− f(ξ))a(g−1∂Mg)a−1 . (5.20)
The Abelian field components are given in turn by
Âz = − Nc
8pi2κ
[
ξ2 + 2ρ2
(ξ2 + ρ2)2
Z˙ +
ρ2
(ξ2 + ρ2)2
(
χjxj
2
+
ρ˙z
ρ
)]
, (5.21)
and
Âi = − Nc
8pi2κ
[
ξ2 + 2ρ2
(ξ2 + ρ2)2
X˙ i +
ρ2
(ξ2 + ρ2)2
(
χa
2
(iajxj − δiaz) + ρ˙x
i
ρ
)]
. (5.22)
The quantum Hamiltonian for the baryon states is obtained by substituting the above
time-dependent solution into the WSS action.
Notice that the structure of the instanton solution above recalls that of the
Skyrme model with vector mesons examined in [86]. There, the time-dependent
soliton solution includes non-trivial expressions for the time component of the iso-
triplet (ρ0), the space components of the iso-singlet vector (ωi) and the η-type meson.
The contribution of the latter, which turns out to be proportional to the angular
velocity of the spinning soliton, turns out to be crucial for many instances. In [94] it
has been used to compute the mass splitting between neutron and proton in the WSS
– 36 –
model with non-degenerate quark masses. We shall see that it is crucial for providing
non zero values for both the CP even coupling gη′NN and the CP-odd g¯piNN one. In
turn, these couplings will be related, using the mixing terms, to further axion-nucleon
couplings.
In the present setup, the angular velocity is given by
χj = −iTr(τ ja−1a˙) = J
j
4pi2κρ2
, (5.23)
where J j is the spin operator
Jk =
i
2
(
−y4 ∂
∂yk
+ yk
∂
∂y4
− klmyl ∂
∂ym
)
, (5.24)
with yI ≡ ρaI and k, l,m = 1, 2, 3.
In turn, the isospin operator
Ik =
i
2
(
+y4
∂
∂yk
− yk ∂
∂y4
− klmyl ∂
∂ym
)
, (5.25)
can also be rewritten as
−iTr (τaa a˙−1) = I
a
4pi2κρ2
, (5.26)
and it is such that only states with I = J appear in the spectrum.
Instantons are identified with fermions via an anti-periodicity condition ψ(aI) =
−ψ(−aI) to be implemented on the baryon wave functions. The related states have
I = J = `/2 with ` = 1, 3, 5, · · · positive odd integers.
The quantum state for a baryon, |B, s〉, depends on the the (iso)spin and on
further quantum numbers nρ and nZ which describe excited states or resonances; the
case ` = 1, nρ = nZ = 0 corresponds to the unexcited proton (with isospin component
I3 = 1/2) and neutron (I3 = −1/2) and the corresponding wave functions are
|p ↑〉 ∝ R(ρ)ψZ(Z)(a1 + ia2) , |p ↓〉 ∝ R(ρ)ψZ(Z)(a4 − ia3) ,
|n ↑〉 ∝ R(ρ)ψZ(Z)(a4 + ia3) , |n ↓〉 ∝ R(ρ)ψZ(Z)(a1 − ia2) , (5.27)
with
R(ρ) = ρ−1+2
√
1+N2c /5e
−M0√
6
ρ2
, ψZ(Z) = e
−M0√
6
Z2
. (5.28)
Generalizations to larger values of `, nρ, nZ can be found in [63].
5.2 The derivative axion-nucleon couplings
As we have pointed out in section 4 the derivative axion coupling to nucleons, for
the Nf = 2 case, can be simply deduced once the CP-even couplings gη′NN and gpiNN
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are known. In the WSS model in the chiral limit these couplings have been already
computed in [64]. They read
gη′NN =
mN
fpi
Nc
16pi3κ
〈k(Z)−1〉 = mN
fpi
gˆA ,
gpiNN =
mN
fpi
16piκ
3
〈ρ2k(Z)−1〉 = mN
fpi
gA , (5.29)
clearly satisfying the generalized Goldberger-Treiman relations. Using (4.10), (4.11)
the derivative axion-nucleon couplings follow.
It is worth noticing that the leading contribution to the isoscalar coupling gη′NN
comes from the time-dependent term, proportional to the angular velocity ~χ, in the
solution for Âz (5.21).
5.3 The non-derivative axion-nucleon couplings for Nf = 2
In the holographic WSS model, since nucleons correspond to leading order to the
instanton solutions A = Acl (5.10) for the five-dimensional gauge field on the flavor
branes, one can extract the quark mass contribution to the baryon Hamiltonian as
in the Skyrme model. To leading order in the small mq limit (in the “chiral limit”
mpi  mWV ) and at finite θ-angle, it can be obtained by considering the mass term
in the effective action [95, 96, 48, 49]
LM = cTr
[
Me
−i θ
Nf (Ucl − 12) + h.c.
]
, (5.30)
where
−2c = 〈q¯q〉 , Ucl ≡ U(Acl) (5.31)
and the 12 subtraction corresponds to the subtraction of the vacuum energy (in the
case of degenerate masses the minimum is at U = 12). The relevant part of the
above mentioned instanton solution is, for Nf = 2,
Ucl = exp
[
ipi
~τ · ~x
|~x|
(
1− 1√
1 + ρ2/|~x|2
)]
. (5.32)
To leading order in the holographic limit, the nucleon mass is therefore corrected by
the above term as [49] δMN(θ) = 4γpiρ
3
clm
2
pif
2
pi cos(θ/2) or, in terms of the dimension-
less modulus ρcl (5.15),
29
δMN(θ) =
25γρ3clm
2
piκ
3/2 cos(θ/2)
pi1/2fpi
, (5.33)
where
γ ≡
∫ ∞
0
dy y2
(
1 + cos
pi√
1 + 1/y2
)
≈ 1.10 . (5.34)
29Here we explicitate the appropriate powers of MKK in ρ and trade them for κ, fpi.
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The result (5.33) is obtained by inserting in the Lagrangian density (5.30) the solution
(5.32), integrating (minus) the result over space and using (5.16). For θ = 0 it has
been computed in [97]. For generic Nf , θ/2 in (5.33) is replaced by θ/Nf . In effective
field theory notation we can restate the above result as a term δL = −δMN(θ)N¯N
in the nucleon effective Lagrangian.
The WSS model allows for the explicit introduction of an axion [52], giving the
standard modification of the low energy chiral Lagrangian as written in (4.1). The
holographic set-up provides a UV origin of the axion model, but fa is an essentially
free parameter. Given that the Lagrangian is the standard one, we proceed as done in
section 4. We rewrite L in terms of the physical fields η′p, ap (we omit the subscripts
here) and take derivatives w.r.t. these fields to obtain their non-derivative couplings
to the nucleons. Equivalently, we can replace θ by a/fa in expression (5.33) (with
the opposite sign) and obtain, from the quadratic term in the expansion of cos(θ/2),
the trilinear and quartic axion couplings to the nucleons. The results are
g¯aNN = 2θfag¯a2NN =
θ
fa
23γρ3m2piκ
3/2
pi1/2fpi
, WSS Nf = 2 , mpi  mWV (5.35)
so that, consistently with eq. (4.36), gaNN = (1/4)δMN(θ/fa), where δMN is the
θ = 0 value of eq. (5.33).
Repeating the same analysis for the η′, in the “chiral limit” we obtain a result
precisely consistent with (4.16),
g¯η′NN = −2fpi
fa
g¯aNN = −2pifpim2piρ3γ θ , (5.36)
that written in terms of the dimensionless modulus ρ reads
g¯η′NN = −θ2
4γρ3m2piκ
3/2
pi1/2f 2pi
. (5.37)
We conclude this subsection by noting that the result (5.37) can be also un-
derstood in the following way. In [48, 49] the leading order correction in θ to the
instanton solution for Âz has been found. This corresponds to a non-zero expectation
value for the η′ field on the nucleon state. In the limit in which the effect of the η′
mass is neglected, this reads (treating the instanton size ρ as a classical parameter)
〈N |η′(r)|N〉 = fpi
2
∫
Âmassz dz = −
fpim
2
pi
2
θ
∫ ∞
0
dr′ uG(r, r′)
(
1 + cos
pi√
1 + ρ2/r′2
)
,
(5.38)
where
uG(r, r
′) =

− r′ r < r′ ,
− r′
(
r′
r
)
r > r′ .
(5.39)
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In the large r limit we obtain
〈N |η′(r)|N〉 ∼ fpim
2
pi
2
θ
ρ3
r
γ . (5.40)
Having in mind the effective Lagrangian for the interactions between the nucleons
and η′ (4.5), let us consider just the CP-breaking term δL = g¯η′NNη′N¯N . In the
non-relativistic limit for the nucleons, it follows that the (CP-odd part of the) η′
expectation value in a nucleon state is given by
〈N |η′(r)|N〉|CP−odd = − g¯η′NN
4pi
e−mη′r
r
, (5.41)
where mη′ is the η
′ mass. By comparing (5.40) with eq. (5.41) (setting mη′ = 0 there)
we obtain the claimed result (5.37). Inclusion of the η′ mass does not change the
result.
In appendix D we also extract from the holographic model the CP-breaking pion
coupling to η′.
5.4 Computing g¯piNN
For what follows it is crucial that, at θ = 0, the VEV of the η′ field on the nucleon
state has a non trivial profile. In the WSS model this arises from the time-dependent
solution (5.21) which implies that
ϕ(r) ≡ −1
2
∫
dzÂz = F (r)PZ +
Nc
64piκ
ρ2
(r2 + ρ2)3/2
~χ · ~x , (5.42)
where PZ is the momentum conjugate to Z and we shall not need the explicit ex-
pression for F (r) since, when computing the VEV of the above expression on the
nucleon ground state, this will not contribute. We set PZ = 0 in the following.
The above expression enters in the equation of motion for the non-Abelian com-
ponent Az of the instanton solution. At finite θ-angle, the equation for Az with
ϕ(r) = 0 has been written in [49]. The contribution of ϕ(r) is simply included
and the equation reads (in the chiral limit where mpi  mWV and neglecting the
contribution of the CS terms)
−κk(z)(DMF zM)a ≈ ic
2
Tr
[
Maτa(e−i
θ
2
−iϕ(r)Ucl − h.c.)a−1
]
=
= 2cmq
xa
r
cos
(
θ
2
+ ϕ(r)
)
sinα(r) , (5.43)
where α(r) is defined in (5.19). From this, in the limit θ, ϕ(r) small, we deduce the
θ dependent term
(DMF
zM)aθ ≈
cm
κ
1
k(z)
xa
r
sinα(r)θϕ(r). (5.44)
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We use the relation
pia =
fpi
2
∫
dzAz , (5.45)
and the expression (5.23) that relates the angular velocity with the spin of the nu-
cleon.30 We obtain, from the usual procedure for extracting the coupling with nucle-
ons (i.e. by integration in z and xi of the source term in (5.44))
g¯piNN = θ
γˆρNc
3 · 25pi5/2
m2pi
κ1/2f 2pi
, (5.46)
where
γˆ ≡
∫ ∞
0
dy(1 + y−2)−3/2 sin
(
pi√
1 + y−2
)
≈ 1.05 . (5.47)
Note that
g¯piNN ∼ N−1/2c . (5.48)
This is precisely the minimal scaling argued in [87] to occur in the Skyrme model.
Notice however that the result here does not arise from isospin-breaking terms.
This computation, through formulae (4.15), completes our calculations of the
CP-odd axion-nucleon couplings for Nf = 2.
5.5 The Nf = 3 case
For the Nf = 3 case, we can proceed as in the Skyrme model.
31 Starting from the
general Lagrangian (4.1) with Nf = 3, which as stated before is found also in the
holographic case, one can diagonalize for the physical modes as in (4.3). In this case
the “chiral limit” mpi  mWV ,mK gives
χ =
1
2
mB0f
2
pi , with m ≡
mumd
mu +md
, (5.49)
for the susceptibility and
η′p = η
′ +
fpi√
6
a
fa
,
piap = pi
a + δa8
fpi
2
√
3
a
fa
, (5.50)
for the axion content of the η, η′. Here and in the following, we have made use of the
GMOR relations [98]
m2pif
2
pi = 2c(mu +md) , m
2
K±f
2
pi = 2c(mu +ms) , m
2
K0f
2
pi = 2c(md +ms) , (5.51)
30On the nucleon states, the spin operator Ja acts as τa/2.
31The quark-mass correction to baryon masses has been computed in [98].
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and
c = B0f
2
pi/4 . (5.52)
We now put the mass part of the Lagrangian (4.1) on-shell on the nucleon instanton
solution and use eq. (5.50) to obtain
LM = cTr
[
Me
i a
fa
(
1
3
13+
1
2
√
3
λ8
)
(Ucl − 13) + h.c.
]
. (5.53)
At the order we are working, the SU(3) instanton solution is the same as the (two-
degenerate flavors) SU(2) one
Ucl = e
i~λ·xˆα(r) , (5.54)
where ~λ includes the first three Gell-Mann matrices. By expanding (5.53) to quadratic
order in a/fa and using the first relation in (5.51) we obtain
LM = m
2
pif
2
pi
8
(1− cosα(r)) a
fa
+ ... , (5.55)
where the dots stand for a term in x3 sinα(r) which is vanishing once we integrate
the result in space. Up to the latter term, the result (5.55) is exactly the same one of
the Nf = 2 computation, so the couplings are still the ones in formula (5.35). This
is consistent with what we found in the Skyrme model. As it happened there, the
“chiral limit” mpi  mWV ,mK renders subleading the corrections due to the third
quark flavor.
6. Numerical estimates of the couplings
As we have seen, the WSS holographic model allows for the computation of the four
couplings gη′NN , gpiNN , g¯η′NN , g¯piNN - see formulae (5.29),(5.37), (5.46) for the Nf = 2
case. At leading order in Nc, such that the modulus ρ is treated as classical, these
couplings satisfy the relations
g¯η′NN = −θ3
√
3γ
4pi2
m2pi
f
1/2
pi m
3/2
N
g
3/2
piNN , (6.1)
g¯piNN = −θ γˆ
8
√
3
m2pi
f
1/2
pi m
3/2
N
g
1/2
piNN gη′NN . (6.2)
where γ was defined in (5.34) and γˆ in (5.47).
Therefore, from relations (4.10), (4.11), (4.15) we can express the non-derivative
axion-nucleon couplings in terms of the derivative ones
c¯p =
θ
fa
1
16
√
3pi23/2
m2pi
fpi
[
18γ(cn − cp)3/2 − γˆpi22(cn − cp)1/2(cn + cp)
]
, (6.3)
c¯n =
θ
fa
1
16
√
3pi23/2
m2pi
fpi
[
18γ(cn − cp)3/2 + γˆpi22(cn − cp)1/2(cn + cp)
]
, (6.4)
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where  ≡ (md −mu)/(md + mu). The c¯ couplings were defined in (4.13) and the c
couplings in (4.7).
The advantage of expressions (6.3),(6.4) with respect to the form presented in
the previous section is that they do not explicitly depend on the theory parameters
λ,Nc,MKK anymore, so they are suitable to provide a straightforward estimate for
the couplings.
We conform the values of the physical quantities to the ones in [13], where cp, cn
are calculated32
mpi = 134.98 MeV , fpi = 92.21(14) MeV ,  = 0.35(3) ,
cp = −0.47(3) , cn = −0.02(3) . (6.5)
Remembering that
γ ∼ 1.10 , γˆ ∼ 1.05 , (6.6)
we obtain
c¯p = θ
(
22(4) MeV
fa
)
, c¯n = θ
(
19(4) MeV
fa
)
. (6.7)
On top of the errors reported in (6.7), we can give an estimate of the errors
implied by our approximations. The estimate is going to be rough, since lacking
an explicit calculation of the discarded contributions, we do not control their coef-
ficients. Nevertheless we can get an idea of the magnitude of these errors for order
one coefficients. Working in the “chiral limit” implied discarding corrections of order
(mpi/mη′)
2 ∼ 0.02. Moreover, the mass term in the Lagrangian is a valid approxima-
tion at leading order in mud/ΛQCD . 0.04. Finally, we have discarded corrections in
2 ∼ 0.12.33 The three effects mentioned above increase the error of c¯p from 4 MeV
to 5 MeV.34
Coming to the Skyrme model, the numerical estimate of g¯piNN in (E.5) is so
small, as compared to g¯η′NN (see equation (E.2)), that we can safely discard its
contribution.35 Therefore, since
gpiNN = −DpimN
3e2fpi
with D ' −17.2 (6.8)
[66], we can rewrite equation (4.34) as
g¯η′NN = −θ 3
√
3α
4
√
pi(−D)3/2
m2pi
f
1/2
pi m
3/2
N
g
3/2
piNN , (6.9)
32The error on mpi is irrelevant.
33The other higher order quantities, e.g. in f or in 1/fa, are small and can be discarded.
34The three effects alone cause errors of 3 MeV and 2 MeV to c¯p and c¯n respectively. These errors
are dominated by the 2 effects, e.g. for c¯p they are of order 0.12 · 22 ∼ 3 MeV.
35We do not expect an order of magnitude correction to these couplings by using slightly different
values of the parameters.
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and
c¯p = c¯n =
θ
fa
3
√
3α
8
√
pi3/2(−D)3/2
m2pi
fpi
(cn − cp)3/2 ' θ
(
27(5) MeV
fa
)
. (6.10)
Again, this form of the couplings does not depend explicitly on the parameters of
the Skyrme model anymore. As for the holographic model, working in the “chiral
limit”, with the leading order mass term and at first order in  increases the error in
(6.10), from 5 MeV to 6 MeV.
Finally, performing the average of the results in the Skyrme and holographic
WSS models (with the increased errors), the best estimate for the couplings is found
to be
c¯p = θ
(
24(6) MeV
fa
)
,
c¯n = θ
(
23(5) MeV
fa
)
. (6.11)
These results have to be compared with the ones that can be extracted from the
lattice and/or effective field theories such as baryon chiral perturbation theory. We
estimated the contributions to g¯η′NN arising through CP-violating η
′−pi−pi coupling
at one-loop order in chiral perturbation theory in section 3.3, equation (3.58). A sim-
ilar estimate of g¯aNN for Nf = 2 mass degenerate flavors is given in eq. (3.60). These
contributions are smaller than the estimates for the “direct” contributions which
we obtain using the Skyrme and WSS models in appendix E, see equations (E.1),
(E.8), (E.16) and (E.18). These estimates suggest that the loop corrections affect
the results (6.11) at the level of 30% at most.
As pointed out in [54] (see also eq. (4.36)), g¯aNN can be related to the pion-
nucleon σ−term (which also provides the light quark mass contribution to the nu-
cleon masses). Based on the available estimates at that time, the authors of [54]
reported a value of g¯aNNfa/θ ∼ σ/
√
2 ∼ 42 MeV (we have written the result for
degenerate quark masses for brevity).36 Nevertheless, the σ−term is a very challeng-
ing observable to be determined. Recent estimates vary from 64 MeV to 38 MeV
and each estimate is subject to errors bars of the order of 20% − 30% (see for ex-
ample [99]). As a representative, we report a very recent estimate of the σ−term,
performed with a certain fit of the various results of the last decade, that has been
performed in [100] and gives a value of 46(11) MeV. It would give an estimate for
g¯aNNfa/θ ∼ 33(8) MeV. Our results (6.11) point towards even smaller numerical
values.
36The convention in [54] is related to the one in this paper by F = fa/
√
2.
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APPENDIX
A. The structure of axion models
In this appendix we review the general structure of axion models.
An axion field may have several meanings in the literature, but for our purposes
it has two properties: it has a perturbative shift symmetry and couples linearly to
an instanton density (here the QCD density) of the Standard Model (SM).
Such a field was first introduced by Peccei and Quinn to solve the strong CP-
problem and render the θ-angle of the strong interactions a dynamical variable.
There are several realizations of axions in QFT, with two extreme classes: the
fundamental axions, [6]-[11], and the emergent or composite axions, [41]. We will
produce here a typical simple model of a fundamental axions. A general prescription
of theories of composite axions and further references can be found in [41].
A.1 A typical UV model for elementary axions
A simple class of UV complete examples of axions can be constructed as follows.
A new sector that realizes two global U(1) symmetries is used and has two scalar
field transforming under them. An anomaly free combination of the two U(1)s is
gauged. The scalars obtain a vev so that they break the U(1) gauge symmetry but
leave the orthogonal global U(1) symmetry unbroken. This will play the role of the
PQ symmetry when coupled to the SM.
We therefore consider a set of new chiral fermions ψi (we take them to be all
left-handed) that are charged under two U(1) symmetries, U(1)1 and U(1)2 with
charges (Q1i , Q
2
i ) and two Higgs-like scalars, H1, H2 with charges (q
1
1, q
2
1) and (q
1
2, q
2
2).
We gauge U(1)1 with a corresponding gauge boson Aµ and we assume that the
full spectrum is anomaly free.
This implies that ∑
i
Q1i =
∑
i
(Q1i )
3 = 0 , (A.1)
that guarantees the absence of the gauge anomaly and mixed anomaly in four di-
mensions.
The bosonic part of the action is37
SUV = −
∫
d4x
[
1
4g2
F 2A +
1
2
|DH1|2 + 1
2
|DH2|2 + V (H1, H2)
]
. (A.2)
We can obtain symmetry breaking where both H1 and H2 condense with the same
vacuum expectation value for simplicity
H1 = v e
iφ1 , H2 = v e
iφ2 . (A.3)
37Strictly speaking the simple model we describe is not UV Complete as the U(1) couplings are
marginally irrelevant in the UV. However, the gauge theory can be embedded in a non-Abelian
group, [6]-[11].
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We will assume that the remaining scalar degrees of freedom, beyond the phases,
have high masses and we will neglect them in the low energy dynamics.
The bosonic part of the action now becomes
SUV '
∫
− 1
4g2
F 2A −
v2
2
(∂φ1 + q
1
1A)
2 − v
2
2
(∂φ2 + q
1
2A)
2 + · · · (A.4)
Changing basis to
φ =
q11φ1 + q
1
2φ2
(q11)
2 + (q12)
2
, σ˜ = v
q12φ1 − q11φ2√
(q11)
2 + (q12)
2
, (A.5)
φ1 = q
1
1φ+ q
1
2
σ˜
v
√
(q11)
2 + (q12)
2
, φ2 = q
2
1φ− q11
σ˜
v
√
(q11)
2 + (q12)
2
, (A.6)
we may rewrite the action as
SUV '
∫
− 1
4g2
F 2A −
m2A
2
(A+ ∂φ)2 − 1
2
(∂σ˜)2 + · · · (A.7)
where
m2A = g
2f 2a , fa = v
√
(q11)
2 + (q12)
2 . (A.8)
The field σ˜ will become the axion in the low energy theory and as we defined it, it
has mass-dimension 1. We may normalize it as
σ =
σ˜
fa
=
q12φ1 − q11φ2
(q11)
2 + (q12)
2
. (A.9)
Consider now the Yukawa couplings of the fermions
SY1 =
∫
H1
∑
i,j
gi,j1 ψ¯iψj +H2
∑
i,j
gi,j2 ψ¯iψj + cc (A.10)
with the selection rules
gi,jI = 0 unless q
1
I +Q
1
i −Q1j = 0 . (A.11)
We would like to have v  MEW where MEW is a typical EW scale. For finite
and small couplings g, gijI , it is clear that we can take mA  MEW , and that we
can arrange the charges so that all the fermions ψi acquire masses that are also well
above the EW scale.
The field φ is the longitudinal component of the very massive U(1) gauge boson,
and can be set to zero by a gauge transformation. The only particle from this sector
that remains in the IR theory (the SM) is the massless PQ scalar σ.
The scalar σ will have direct couplings to the SM fermions (quarks and leptons)
if they are charged under the two UV U(1) symmetries and if the high energy Higgs
H1,2 couple to them. The remaining global symmetry shifts σ by constants.
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We have also assumed that the gauged U(1) symmetry is anomaly free.38 How-
ever the remaining global U(1) symmetry associated with σ may have mixed anoma-
lies with the standard model. We denote the relevant charge traces as
T3 = Tr[Q2T
a
SU(3)T
a
SU(3)] , T2 = Tr[Q2T
a
SU(2)T
a
SU(2)] , T1 = Tr[Q2T
a
U(1)Y
T aU(1)Y ] ,
(A.12)
where Q2 is the charge generator of U(1)2, T
a are the gauge generators of the SM
and the trace is on the SM fermions. If such traces are non-zero, then in the effective
field theory we have the following axionic couplings
Sanomaly =
∫
d4x
[
f 2a
2
∂µσ∂
µσ − q11σ (T3αsTr[G ∧G] + T1αemF ∧ F )
]
, (A.13)
where G is the SU(3) Yang-Mills field strength and F is the U(1) electromagnetic
one. We have ignored the coupling to the W-instanton density, as its effects are
heavily suppressed.
Therefore we can parametrize the effective couplings of σ to the SM matter as
in [13]
Saxion =
∫
d4x
[
f 2a
2
∂µσ∂
µσ − σ
8pi
(csαsTr[G ∧G] + cemαemF ∧ F ) (A.14)
+ ∂µσ J
µ + Vmass−terms(σ) + · · ·
]
.
Here σ plays the role of the PQ axion for the SM. Vmass−terms is a non-derivative
interaction coupling the axions to mass terms of fermions and bosons. The ellipsis
in (A.14) stands for higher order and higher derivative interactions that have been
omitted.
We have defined the axion to be dimensionless, and its effective interaction
strength is set by the axion scale fa that is assumed to be much larger than the
SM scales. Therefore all axion interactions are weak. This is the reason why higher
non-linear interactions are not so important in the effective action.
Saxion does not contain quantum corrections associated with the SM. Due to the
protected nature of the axion such corrections are very special. At weak coupling
they arise because of YM instantons, that will generate a potential for the axion,
[13]. This is the analogue of the U(1)A anomaly for the PQ symmetry.
The couplings of the axion to leptons and or photons are straight-forward as
they can be treated in perturbation theory. However, the couplings to the strong
interaction operators are trickier.
With a chiral rotation of quarks, the coupling to the instanton density can be
transferred to the mass matrix of the quarks. Therefore, an invariant collection of
38It may however have mixed anomalies with the SM hypercharge. This is generic in string theory
realizations, [101].
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couplings involve the quark masses and the derivative coupling to Jµ. The quark
component of Jµ generates out of the QCD vacuum various vector mesons. Their
content is axion-model dependent. The axion dependence of the quark couplings
generates axion couplings to scalar mesons. Their content is also axion-model de-
pendent.
There is however a subset of model independent couplings, if we want the axion
to solve the strong CP problem. Namely cs 6= 0 and then there is a universal coupling
of the axion to all the quark states, that amounts to a coupling to the so-called singlet
η′ meson. It is this class of couplings that we address in this work.
A.2 Other axion models
Generically, the origin of the axion coupled to the SM may vary. In the fundamental
axion case, like the simple model described in the previous subsection, the axion
involves a high energy degree of freedom protected by the PQ symmetry.
The effective Lagrangian of the axion coupling it at low energies to the SM
degrees of freedom is the same as in (A.14) as it is dictated by (anomalous) symmetry
alone. Therefore different fundamental theories yielding axions will have a similar
effective action, albeit with different charge assignments and coefficients, [10, 9].
The situation is somewhat different when the axion is composite/emergent. In
such cases the axion is a composite generated by the instanton density.39 The general
quadratic effective action of the emergent axion was derived in [41]. In that case there
is also a mass contribution to the axion effective action originating in the UV theory.
In a QCD-like UV theory this is controlled by the topological susceptibility of the
hidden sector. The axion in that case has a mass with two contributions that are a
priori independent: one from the hidden sector and the standard one from QCD.
B. Current terms and η′-axion mixing in chiral Lagrangians
In this Appendix we address the mixing between the axion and mesons in a somewhat
more general case than that described in section 2.
In general, the derivative of the axion couples to a current Jµ involving con-
tributions from leptons, vectorial quark current and the axial quark current as
Jµ = Jµ` + J
µ
q + J
µ
q5. We write the axial current already appearing in (2.1) as
Jµq5 = q¯Qˆγ
µγ5q , (B.1)
with Qˆ a Hermitean matrix in flavor space. The vectorial current is conserved and
therefore couplings to such current play no role in our analysis: we can neglect them
without loss of generality.
39Due to anomalies an analogue of the η′ will be as good. In general, at finite Nc and Nf these
two mix strongly, [47]. At weak mixing it is usually the (mostly) η′ that is lighter in QCD-like
theories but in more general theories it could be otherwise. Which of the two is lighter depends of
a hidden QFT coupled at high energies to the SM.
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It is however simpler to start with the action where the derivative coupling to
the current Jµq5 is absent (i.e., the case already considered in Sec. 2). Therefore we
first perform a (flavor dependent) axion valued chiral rotation
q 7→ exp(iγ5aQˆ/f)q , (B.2)
which removes the derivative coupling. It will be reinstated using a chiral rotation
in the effective theory below.
After this transformation, the Lagrangian obtained from (2.1) is without the
current term
Sa+QCD =
∫
d4x
(
1
2
∂µa∂
µa− a
fa
cˆsαs
8pi
Tr[G ∧G]− 1
2
Tr[G2]
+ iq¯γµDµ − q¯RMˆ(a)qL − q¯LMˆ(a)†qR
)
, (B.3)
but with the effect of the current included via cˆs = cs − 2Tr[Qˆ] and Mˆ(a) =
e−iaQˆ/faM(a)e−iaQˆ/fa .
The effective field theory Lagrangian corresponding to (B.3) is the one in (2.5) of
section 2, but with the understanding that cs and M(a) are replaced by cˆs and Mˆ(a),
respectively. It can be generalized to include explicitly the effect of the derivative
coupling of the axion to the current Jµq5 as follows. We perform the inverse of (B.2),
which in the chiral effective theory means
U 7→ eiaQˆ/faUeiaQˆ/fa , U † 7→ e−iaQˆ/faU †e−iaQˆ/fa . (B.4)
After this transformation, the final form of the chiral Lagrangian, corresponding to
the QCD Lagrangian of (2.1) with the current term included, is
Lchiral = 1
2
∂µa∂
µa+
f 2pi
4
Tr
[(
∂µU + i
∂µa
fa
{U, Qˆ}
)(
∂µU † − i∂
µa
fa
{U †, Qˆ}
)]
+
f 2piB0
4
Tr[M(a)U † +M(a)†U ]− χYM
2
(
cs a
fa
− i log detU
)2
(B.5)
+ cη′Tr
[
U †
(
∂µU + i
∂µa
fa
{U, Qˆ}
)]
Tr
[
U
(
∂µU † − i∂
µa
fa
{U †, Qˆ}
)]
+
icaη′
Nf
(
cs a
fa
− i log detU
)
Tr[Mpi(a)
†U −Mpi(a)U †] ,
where we have also included the extra term (2.7). We observe that the chiral rotations
gives rise to kinetic mixing between the axion and the pions.
We then discuss how the mass eigenstates are computed to leading nontrivial
order in 1/fa. First we make an observation about the kinetic mixing. We can apply
a shift
a 7→ a−
√
2fη′Tr[Qˆ]η
′/
√
Nf − fpiTr[QˆΠ]/fa with Π = piaT a , (B.6)
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so that the change of the axion kinetic term exactly cancels the kinetic mixing and
the remaining terms in (B.5) are unchanged up to corrections suppressed by 1/fa.
The outcome is that at leading nontrivial order in 1/fa the only effect due to the
O(f−1a ) current terms, is the mixing of the physical axion with the pions implied by
the above shift. Because the non-derivative couplings involving the axion in (B.5)
are already suppressed by 1/fa, the non-derivative mixing terms introduced by this
shift are O (1/f 2a ), i.e., negligibly small. Therefore the effect of the kinetic mixing
will be irrelevant for the analysis of the axion-nucleon couplings in Sec. 3. Higher
order terms in the effective action also include a derivative coupling between the
axion and η′ which is present even in the absence of the current (B.1) but suppressed
by 1/Nc [73]. The same applies to such a coupling as the kinetic mixing in (B.5): its
effect is irrelevant for our studies.
We then discuss the diagonalization of the quadratic terms in (B.5). We as-
sume that M(a) = eiaQ˜/faM0 e
iaQ˜/fa where M0 is independent from the axion and
Hermitean. We consider the effects due to a non-Hermitean matrix below. In order
to eliminate the O (1/fa) non-derivative mixing terms with the axion (up to higher
order corrections in 1/fa), we first carry out a field redefinition
√
2ηˆ′√
Nffη′
+
pˆibT b
fpi
=
√
2η′√
Nffη′
+
pibT b
fpi
− 2Q˜ a
fa
+ k1M
−1
0
a
fa
+ k2
a
fa
. (B.7)
Inserting this in the action (B.5) and requiring that the non-diagonal mass terms
involving the axion vanish, fixes
k1 =
2c˜s
(
B0f
2
piχYM − 8c2aη′N−2f Tr [M0]
)
B0f 2pi
(
B0f 2pi + 2Tr
[
M−10
]
χYM
)
+ 8caη′B0f 2pi + 16c
2
aη′
(
1−N−2f Tr [M0] Tr
[
M−10
]) ,
(B.8)
k2 =
4caη′ c˜s (B0f
2
pi + 4caη′) /Nf
B0f 2pi
(
B0f 2pi + 2Tr
[
M−10
]
χYM
)
+ 8caη′B0f 2pi + 16c
2
aη′
(
1−N−2f Tr [M0] Tr
[
M−10
]) .
(B.9)
The nondiagonal kinetic terms are then removed by a subsequent redefinition
ap = a+
fpi
fa
Tr
[(
Qˆ+ Q˜
)
Π
]
+
√
2fη′
fa
√
Nf
Tr
[
Qˆ+ Q˜
]
η′
− k1fpi
2fa
Tr
[
M−10 Π
]− k1fη′√
2Nffa
Tr
[
M−10
]
η′ − k2fη′
fa
√
Nf
2
η′ . (B.10)
If caη′ is treated as a small correction and quadratic terms in this parameter are
neglected, we may write the result for the coefficients ki in a compact way in terms
of the topological susceptibility (which now includes a 1/Nc correction):
k1 ≈ 2c˜sχ
B0f 2pi
, k2 ≈ 4caη′ c˜sχ
B0f 2piχYM
, (B.11)
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with
1
χ
=
1
χYM
+
2
B0f 2pi
Tr
[
M−10
]
+
8caη′
B0f 2piχYM
. (B.12)
Within this approximation, the rules (2.11)–(2.12) therefore generalize to
ηˆ′ = η′ −
√
2fη′√
Nf
Tr[Q˜]
a
fa
+
√
2c˜s χ fη′ Tr
[
M−10
]
B0f 2pi
√
Nf
a
fa
+
2
√
2Nfcaη′ c˜sfη′χ
B0f 2piχYM
a
fa
, (B.13)
pˆib = pib − fpiTr[Q˜T b] a
fa
+
c˜s χTr
[
M−10 T
b
]
fpiB0
a
fa
. (B.14)
Notice that the last (fourth) term in (B.13) is suppressed with respect to the third
term by the quark mass. The mass eigenstates are then found by diagonalizing the
pion mass matrix as explained in Sec. 2. The axion mass squared is given by
m2a =
c˜sB0f
2
pik1
2f 2a
≈ χ c˜
2
s
f 2a
. (B.15)
Notice that the extra term (2.7) also affects the pion mixing and masses even in
the absence of the axion. For example, for a flavor independent quark mass mq, the
masses of the pions and the η′ are given by
m2pi = B0mq , m
2
η′ = B0mq +
2NfχYM
f 2η′
+
8caη′Nfmq
f 2η′
. (B.16)
We then discuss the effect of caη′ for the axion-nucleon couplings studied in
Sec. 3. It is sufficient to include it in the expressions (3.19) and (3.21) using the
approximation in (B.11). For the former expression we find that
i log detU − csa
fa
= −
√
2Nf
fη′
(
ηˆ′ +
c˜sfη′√
2Nf
χ
χYM
(
1 +
12caη′
B0f 2pi
)
ap
fa
+O
(
1
f 2a
))
.
(B.17)
Since f 2pi ∼ Nc the correction due to caη′ is subleading in 1/Nc. For the latter
expression we find
χ−(a) =
{
i
√
2ηˆ′√
Nffη′
+
ipˆibT b
fpi
,M0
}
− 4c˜siχ
f 2piB0
(
1 +
2caη′
χYM
M0
)
ap
fa
+ nonlinear . (B.18)
In this case, the correction due to caη′ is suppressed by the quark masses. Since χ
also contains a factor proportional to the quark masses, this correction is actually of
quadratic order in the quark masses and can be safely ignored.
B.1 VEVs induced by CP-odd couplings
CP-odd couplings in the meson Lagrangian also give rise to VEVs of the pions and
the η′ which need to be taken into account. First, the quark mass matrix may include
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CP-odd contributions: we write M(a) = eiaQ˜/fa
(
M0 + iM0
)
eiaQ˜/fa where both M0
and the CP-violating matrix M0 are Hermitean. We treat all CP-odd couplings as
linear perturbations, and also consider the possibility of finite θ-angle (arising from
the VEV of the axion) which is obtained by shifting csa/fa 7→ csa/fa + θ in the
Lagrangian. The terms driving the VEVs are then
LCP−odd = if
2
piB0
4
Tr
[
M0U
† −M †0U
]
+ c¯η′χYM
(
csa
fa
− i log detU
)
− χYM
2
(
θ +
csa
fa
− i log detU
)2
. (B.19)
Notice that we chose the normalization of c¯η′ similarly as that of the θ-angle: c¯η′ =
O (Nc). This term could arise from the CP-violation in the CKM matrix, [55, 56, 57]
or BSM sources. In fact, one immediately sees that c¯η′ can be absorbed by a shift in
the θ-angle (up to highly suppressed contributions) so we can set it to zero without
loss of generality.
We then find for the VEVs of the pions after a straightforward computation〈 √
2η′√
Nffη′
+
pibT b
fpi
〉
= ∆− 2
(
θ + Tr
[
M0M
−1
0
])
χ
f 2piB0
M−10 , (B.20)
where ∆ is the solution to ∆M0 + M0∆ = 2M0 and satisfies therefore Tr[∆] =
Tr
[
M0M
−1
0
]
. If M0 and M0 commute, ∆ = M0M
−1
0 . Notice that the VEV of the
η′ is given by
〈η′〉 = fη′√
2Nf
(
Tr
[
M0M
−1
0
]− 2 (θ + Tr [M0M−10 ])χ
f 2piB0
Tr
[
M−10
])
. (B.21)
Moreover, the VEV in the combination appearing in the flavor singlet terms after
the inclusion of the θ-angle
θ − i 〈log detU〉 = χ
χYM
θ¯ (B.22)
only depends on the effective angle θ¯ = θ + Tr
[
M0M
−1
0
]
. In order to analyze the
couplings to nucleons, we also need the VEVs in Tr [χ±]. For consistency with chiral
symmetry, in these couplings we also need to include the contributions from M0. We
find that
〈χ−〉 =
〈
u
(
M0 − iM0
)
u− u† (M0 + iM0)u†〉 = − 4iθ¯χ
f 2piB0
+ · · · . (B.23)
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We also consider the terms arising from Tr [χ+] which are linear in the mesons and
the axion and are present due to the VEVs. First notice that
Tr [χ+(a)] = Tr
[
u
(
M0 − iM0
)
u+ u†
(
M0 + iM0
)
u†
]
= 2 Tr [M0] + 2 Tr
[( √
2η′√
Nffη′
+
Π
fpi
− 2Q˜ a
fa
)
M0
]
− Tr
( √2η′√
Nffη′
+
Π
fpi
− 2Q˜ a
fa
)2
M0
+ · · · . (B.24)
The linear contributions are given by the second term on the second line and the
terms arising from the third line after inserting the VEVs. After some cancellations,
we obtain
Tr [χ+(a)] = 2 Tr [M0]+
4θ¯χ
f 2piB0
(√
2Nf
fη′
ηˆ′ − 2c˜sχTr
[
M−10
]
f 2piB0
ap
fa
)
+quadratic (B.25)
Therefore, as expected, all contributions due to M0 can be absorbed in the θ¯-angle,
so it is enough to consider the couplings of the mesons and the axion arising (only)
from the VEVs due to the θ-angle as we do in Sec. 3.
B.2 Three-meson couplings
Having extracted the VEVs of the mesons due to a finite θ-angle, we can also extract
the (CP-violating) couplings of (non-derivative) vertices with three mesons. Up to
corrections suppressed at large Nc, these arise from the mass term
f 2piB0
4
Tr
[
M(a)U † +M(a)†U
]
. (B.26)
After inserting the mixing with the axion in (2.12) and in (2.13) and the VEVs
from (B.20)40 we obtain that the three pion couplings are
Lpipipi = − θ¯χ
24f 3pi
Tr
[
M0ΠˆM
−1
0 Πˆ
2 +M−10 ΠˆM0Πˆ
2 + 2Πˆ3
]
, (B.27)
where Πˆ = pˆiaT a. The coupling of the ηˆ′ to the pions is
Lη′pipi = − θ¯χ
3
√
2Nff 2pifη′
ηˆ′Tr
[
M0ΠˆM
−1
0 Πˆ + 2Πˆ
2
]
. (B.28)
40Above we checked explicitly that it is possible to absorb the effect of the various contributions
to the VEVs in the θ-angle. One can check that the same holds here if M0 ∝ M0 as we shall
assume.
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The coupling of the axion is in general complicated, but if we assume [Q˜,M0] = 0
(e.g., both are diagonal) we find that
Lapipi = c˜sθ¯χ
2
6f 4piB0
ap
fa
Tr
[
ΠˆM0ΠˆM
−2
0 + 5Πˆ
2M−10
]
(B.29)
− θ¯χ
12f 2pi
ap
fa
Tr
{[
Q˜, Πˆ
] (
M0ΠˆM
−1
0 −M−10 ΠˆM0
)}
. (B.30)
Notice that while the transformations (2.12) and (2.13) eliminate Q˜ from the quadratic
Lagrangian, it still appears in the cubic terms.
C. On-shell nucleon vertices in the limit of large mass
We first consider the bilinears of Dirac spinors in the limit of large nucleon mass mN .
For leading contributions in this limit we expect that the exchanged three-momenta
are ∼ m0N and the variations in the nucleon energies are ∼ 1/mN . In general the
Dirac propagator can be decomposed as
/p+mN
p2 −m2N + i
=
∑
s u(p, s)u¯(p, s)
2Ep(p0 − Ep + i) +
∑
s v(−p, s)v¯(−p, s)
2Ep(p0 + Ep − i) . (C.1)
The second term corresponds to a nucleon propagating backward in time and is
suppressed in the limit of large mN (assuming that we are discussing a nucleon state
rather than an anti-nucleon).
This suggests that up to corrections suppressed by 1/mN the nucleon-meson
interactions are determined by the (on-shell) amplitudes u¯(p2, s2)Γu(p1, s1) where
Γ = I, γ5, γµ, and γµγ5. We take the incoming nucleon to be in the rest frame with
momentum p1 = (mN ,0) and write the outgoing nucleon momentum as p2 = (mN ,k)
where we dropped terms ∼ 1/mN in the energies. We use a representation where the
spinors are given explicitly by
u(p, s) =
√
mN + Ep
(
χ(s)
σ·p
mN+Ep
χ(s)
)
, v(p, s) =
√
mN + Ep
(
σ·p
mN+Ep
χ(s)
χ(s)
)
,
(C.2)
where a possible basis for the spin wave functions χ(s) is given by the spinors (1, 0)
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and (0, 1), but we leave the basis unspecified. By direct computation we find that
u¯(p2, s2)u(p1, s1) =
√
2mN(mN + Ek)χ
†
2χ1 = 2mNχ
†
2χ1
(
1 +
k2
8mN
+ · · ·
)
, (C.3)
u¯(p2, s2)γ5u(p1, s1) =
√
2mN
mN + Ek
k · χ†2σχ1 = k · χ†2σχ1
(
1− k
2
8mN
+ · · ·
)
, (C.4)
u¯(p2, s2)γ
µu(p1, s1) =
(√
2mN(mN + Ek)χ
†
2χ1,
√
2mN
mN + Ek
(χ†2χ1k− ik× χ†2σχ1)
)
=
(
2mNχ
†
2χ1
(
1 +
k2
8mN
+ · · ·
)
, (χ†2χ1k− ik× χ†2σχ1)
(
1− k
2
8mN
+ · · ·
))
,(C.5)
u¯(p2, s2)γ
µγ5u(p1, s1) =
(√
2mN
mN + Ek
k · χ†2σχ1,
√
2mN(mN + Ek)χ
†
2σχ1
)
=
(
k · χ†2σχ1
(
1− k
2
8mN
+ · · ·
)
, 2mNχ
†
2σχ1
(
1 +
k2
8mN
+ · · ·
))
, (C.6)
where χi = χ(si). We notice the following identities
(p2 − p1)µu¯(p2, s2)γµu(p1, s1) = 0 (C.7)
(p2 − p1)µu¯(p2, s2)γµγ5u(p1, s1) = −2mN u¯(p2, s2)γ5u(p1, s1) (C.8)
(p2 + p1)
µu¯(p2, s2)γµu(p1, s1) = −2mN u¯(p2, s2)u(p1, s1) (C.9)
(p2 + p1)
µu¯(p2, s2)γµγ5u(p1, s1) = 0 (C.10)
which hold for any value of mN . Notice also that because v(p, s) = γ5u(p, s) the
nucleon creation and annihilation amplitudes immediately follow from the above
results.
These identities suggest that the operators ∂µη
′N¯γµγ5N ∝ ∂µη′N¯SµN , and
2mNη
′N¯γ5N , where Sµ is the nucleon spin operator, are identical at least to leading
order in the limit of large mN . The spin S
µ is fixed at least to leading order as the
amplitudes do not flip spin in a basis aligned with k: the transverse components of
the amplitude (C.6) contain also potentially spin-flipping elements but these vanish
when contracted with the only available momentum k.
We also notice that at O (1/mN) the couplings involving γ5 above are ∝ k. This
seems to be due to parity: when θ¯ = 0, the only available parity-odd scalar is k ·S.41
Notice however that e.g. the nucleon pair creation amplitude ∝ u¯(p2, s2)γ5v(p1, s1)
is not proportional to k · S.
D. CP violating η′-pion-pion coupling
In this appendix we describe the CP violating η′-pion-pion coupling. This coupling
can be easily deduced by considering the mass term in the chiral Lagrangian at finite
41There are two independent momenta, but invariance of the amplitudes under O (1/mN ) boosts
requires that at linear order only momentum differences (i.e. k) appear. Notice also that S is only
affected by O (1/mN ) corrections under such boosts.
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θ-angle
LM = cTr
[
Me
−i θ
Nf U + h.c.
]
. (D.1)
We consider the degenerate case M = mq1Nf and pick up the following quartic term
in the power expansion of LM around the mesonic vacuum
LM = · · ·+ 2
4!
cmqTr
[
1
fpi
piaT a +
1
fpi
√
2
Nf
η′ − θ
Nf
]4
+ · · · . (D.2)
The cubic term we are looking for can be extracted from the one above finding
LM |η′pipi = −θ m
2
pi√
2N
3/2
f fpi
η′piapia ≡ g¯η′pipi η′piapia , (D.3)
where we have used the GMOR relation f 2pim
2
pi = 4cmq. Notice that working with
the holographic WSS model is equivalent to to working with the chiral Lagrangian
for this result.
E. Alternative numerical estimates of the couplings
In this Appendix we collect some alternative numerical estimates of the couplings
calculated in the main body of the paper, using a different parameterization with
respect to the one employed in section 6. Here we plug in the formulae for the
couplings the standard values of the parameters usually employed in the two theories
we have considered.
Let us begin from the Skyrme model. For the Nf = 2 case the coefficient of the
Skyrme term is usually fixed to e ∼ 4.84 by fitting the masses of baryons and the
pion; the fit also sets fpi ∼ 54 MeV [102]. Therefore, with these values of parameters
the estimate for the magnitude of the axion couplings (4.32) is
g¯aNN = 2θfa g¯a2NN ≈ θ
(
21 MeV
fa
)
. Skyrme Nf = 2 , mpi  mWV (E.1)
For the coupling of the η′ (4.34), we obtain that
g¯η′NN ≈ −0.8 θ . (E.2)
For what concerns g¯piNN , the standard choice of parameters in the extended
model of [86, 92], to which we refer for the notations, is
fpi = 93.34 MeV , g¯V V φ ≡
√
2fpigV V φ = 1.9 ,
h˜ ≡ 2
√
2f 3pih = 0.4 , δ = −1.5 · 107(MeV)4 , (E.3)
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from which [92]
∆δ
Θ
= 0.70 MeV , (E.4)
and finally in (4.39)
g¯piNN = 0.0049 θ . (E.5)
It is worth noticing that a first estimate of the same coefficient, in chiral perturbation
theory with Nf = 3, gave |gpiNN | ≈ 0.027|θ| [88].
The parameters extracted from hadron mass fittings in the Nf = 2 + 1 case are
instead [89]
e = 3.87 , fpi = 44.5 MeV , (E.6)
so, remembering that α ≈ 18.25 and using x = 0.48 [13], the numerical estimate of
the axion coupling (4.47) is
g¯aNN ≈ θ
(
46 MeV
fa
)
. Skyrme Nf = 3 , mpi  mWV (E.7)
The sizable numerical difference between (E.1) and (E.7) is due to the difference in
the two cases of the values of the parameters fpi, e usually employed to fit nuclear
data. This is a known drawback of the Skyrme model. For η and η′ in (4.51), (4.50)
we obtain
g¯ηNN ≈ −1.6 θ , g¯η′NN ≈ −1.1 θ . (E.8)
Coming to the holographic WSS model, fitting the model parameters to the
experimental values
fpi = 92 MeV , mpi = 135 MeV , mρ = 776 MeV , (E.9)
implies setting [61]
λ = 16.63 , MKK = 949 MeV . (E.10)
In the classical limit where Z = 0 and ρ = ρcl (5.15), we obtain for the axion
derivative couplings (5.29)
gˆA ≈ 0.812 , gA ≈ 0.697 . (E.11)
A class of important 1/Nc corrections to the results for the couplings in the WSS
model at large λ comes from the quantization of the instanton size. This implies
that the nucleon wave function contains a ρ-dependent factor [63]
R(ρ) = ρ−1+2
√
1+N2c /5e
−M0√
6
ρ2
. (E.12)
Therefore, in the formulae we replace ρncl with
〈ρn〉 =
∫
ρ3+nR(ρ)2dρ∫
ρ3R(ρ)2dρ
. (E.13)
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Setting Nc = 3 and fixing the parameters as above one finds for the quantum cor-
rected couplings
gˆA ≈ 0.527 , gA ≈ 0.734 . (E.14)
Concerning the axion non-derivative coupling (5.35), by keeping ρ to its classical
value we obtain the estimate
g¯aNN ∼ θ
(
9 MeV
fa
)
. (E.15)
Including the quantum corrections as above we get instead
g¯aNN ∼ θ
(
19 MeV
fa
)
. WSS Nf = 2 , mpi  mWV (E.16)
Analogously, we get for the η′ coupling (5.37)
g¯η′NN ≈ −0.18 θ , (E.17)
in the classical case and
g¯η′NN ≈ −0.4 θ , (E.18)
with the quantum corrections. We finally find for the pion coupling (5.46)
g¯piNN ≈ 0.11 θ , (E.19)
in the classical limit and
g¯piNN ≈ 0.13 θ , (E.20)
taking into account the quantization of the instanton moduli.
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